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Abstract 



The classical trace map is a highly non-trivial map from algebraic iiT-theory 
to topological Hochschild homology (or topological cychc homology) intro- 
duced by Bokstedt, Hsiang and Madsen. It led to many computations of 
algebraic X-theory of rings. Hesselholt and Madsen recently introduced a 
Z/2-equi variant version of Waldhausen ^.-construction for categories with 
duality. The output is a certain spectrum with involution, called the real 
iiT-theory spectrum, and associated bigraded groups KRp^q{C, D) analogous 
to Atiyah's real (topological) i^-groups. This thesis develops a theory of 
topological Hochschild homology for categories with duality, and a Z/2- 
equivariant trace map from real X-theory to it. The main result of the 
thesis is the theorem that stable KR of the category of projective modules 
over a split square zero extension of a ring is equivalent to the real topo- 
logical Hochschild homology of the ring with appropriate coefficients. This 
is the real version of the celebrated Dundas-McCarthy theorem for ordinary 
i^-theory. 



Resume 

Den klassiske sporafbildning, som blev indf0rt af Bokstedt, Hsiang og Mad- 
sen, er en saerdeles ikke-triviel afbildning fra algebraisk iC-teori til topologisk 
Hochschild-homologi (eller til topologisk cyklisk homologi) . Den har f0rt til 
mange udregninger af algebraisk X-teori for ringe. Hesselholt og Madsen har 
nyeligt indf0rt en Z/2-8ekvivariant version af Waldhausens S.-konstruktion 
for kategorier med dualitet. Udkommet af dette er et s^rligt spektrum 
med en involution, kaldet det reelle iC-teori-spektrum, samt til-h0rende bi- 
graduerede grupper KTlp^q{C,D), svarende til Atiyahs reelle (topologiske) 
ii'-grupper. I denne afhandling udvikles en teori for topologisk Hochschild- 
homologi for kategorier med dualitet, til hvilken der er en Z/2-ffikvivariant 
sporafbildning fra reel K-teori. Afhandhngens hovedresultat er, at stabil 
KR af kategorien af projektive moduler over en split kvadrat-0 udvidelse 
af en ring er ffikvivalent med den reelle topologiske Hochschild-homologi af 
ringen med passende koefficienter. Dette er en reel version af den kendte 
Dundas-McCarthy-saetning for saedvanlig K-teori. 
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Introduction 



Hesselholt and Madsen in |HM12| define a Z/2-equivariant version of Wald- 
liausen ^.-construction: tlie 5^'^-construction. Tliis induces tlie real K- 
tlieory functor KR, from the category of exact categories with duahty to a 
certain category of spectra with involution, called real spectra. When spe- 
cialized to rings with antistructures (e.g. in the sense of Wall |Wal70| ) . the 
infinite loop space of the KR spectrum is a Z/2-space, whose fixed points 
is the group completion for the classifying space of the category of non- 
degenerate bilinear forms on the ring with antistructure. 

This thesis is part of a bigger project aimed to develop trace methods for 
computations in real if-theory. The classical trace map is a natural weak 
map Tr: K — > TC from ii'-theory to topological cyclic homology, intro- 
duced in |BHM93| by Bokstedt, Hsiang and Madsen. In |McC97) . |Dun97) 
and |DGM12] . Dundas, Goodwillie and McCarthy show that the trace map 
defines a homotopy cartesian square 

K{B)^^TC{B) 
K{A)^TC{A) 

for every map of 5-algebras B ^ A (or symmetric ring spectra) which 
induces a surjection with nilpotent kernel in vrQ. This theorem leads to 
several hard computations in i^-theory, for example for perfect fields |HM97| . 
or truncated polynomial algebras |AGHL12| . 

This thesis contains a first step toward a version of this theorem for real 
-fC-theory. By approximating 5-algebras by simplicial ring and via Good- 
willie calculus one can reduce the theorem above to analytical properties of 
K and TC |McC97| . and to showing that the connectivities of two maps 

Tr: k{AKM) — > THH(^; M(S'^)) res: TC{AkM) — > THH(^; M(S'^)) 

grow fast enough with the connectivity of the simplicial yl-bimodule M, cf. 
|DM94) . |His94j . 

The main result of this thesis is a real version of the first map together 
with its corollary 

Tr: KR{A K M) ^ THR(A; M(S'^'^)) 

We examine the real topological Hochschild homology functor THR (of 
|HM12| ) defined on exact categories with duality and with values in Z/2- 
equivariant spectra. The underlying non-equivariant spectrum of THR(C, D) 
is the classical topological Hochschild homology spectrum THH(C). Second, 
we produce an equivariant trace map 

Tr: KR(C7, D) ^ THR(C, D) 
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Following the "classical" results from |DM96| we study the behavior of THR 
on products, prove equivariant Morita equivalence, establish deloopings via 
the S'^'^-construction and other real versions of the classical results from 
|DM96] . 



The main results relating KR and THR are Theorem 2.3.2 , Theorem 5.2.5 



and Theorem 5.3.2| They can be summarized as follows: Given a bimodule 



M over a ring A and a split antistructure over A tK M, the trace map induces 
a Z/2-equi valence 



colim02'"'"^KR(A k M{S'^"''"')) TURiA; M {S^'^)) 

m 



if 2 G ^ is invertible. I hope in later works to be able to remove the condition 
that 2 £ A is invertible. 
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1 Review of ii'-theory and real iC-theory 



1.1 The S'.-construction 

The ^.-construction is a functor from the category of exact categories to 
simphcial categories introduced by Waldhausen in |Wal85] . We recall its 
construction and refer to |Wal85| for the details. 

Definition 1.1.1. An additive category is a category C enriched in the 
symmetric monoidal category of abelian groups, with a zero object and finite 
products. 

Definition 1.1.2. A sequence c — > d — > e of an additive category C is 
split-exact if there is a sequence e — > d — > c in C such that 

p o s = ide , r o z = idc and sop + ior = id^ 

Definition 1.1.3. An exact category is an additive category C together 
with a family £ of sequences 



in C satisfying the axioms below. The morphisms appearing as the first map 
of a sequence of £ are called admissible monomorphisms; those appearing 
as the second map of a sequence of £ are the admissible epimorphisms, 
and the elements of £ are the exact sequences. 

1. For every sequence c d — ^ e in £, the map i is a kernel for p and 
the map p is a cokernel for i. 

2. £ is closed under taking isomorphic sequences. 

3. The class of admissible monomorphisms is closed under composition, 
and so is the class of admissible epimorphisms. 

4. The pushout of an admissible monomorphism along any morphism ex- 
ists and is an admissible monomorphism; the pullback of an admissible 
epimorphism along any morphism exists and is an admissible epimor- 
phism. 

5. £ contains all the split-exact sequences of C. 

We say that {C,£) is split-exact if every sequence in if is a split-exact 
sequence. We will often suppress £ from the notation. 

A functor between exact categories is called an exact functor if it is 
additive (i.e. it is j46-enriched) and maps exact sequences to exact sequences. 

Exact categories form a category with exact functors as morphisms. 
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Example 1.1.4. The main cases we will be interested in are the projective 
modules: let ^ be a ring and Va be the category with objects finitely gen- 
erated projective right modules over A, and morphisms module maps. The 
enrichement in the category of abelian groups is given by pointwise sum of 
module homomorphisms. This has a canonical exact category structure, by 
declaring a sequence 

P^Q ^ R 

to be exact if i is injective, p is surjective, and keip = Imi. Since we are 
considering finitely generated projective modules, every exact sequence is 
split-exact. 

This defines a lax functor V from rings to exact categories, associating 
to a ring A the category Va with the exact structure defined above, and to 
a ring map / : A — > B the exact functor f^, : Va — > "Pb sending a module 
P to P (SiA B, where B is the left ^-module with 

a ■ b = f{a) ■ b 



In 1.3.8 we will discuss a strictly functorial model for V, but we take the lax 



construction as a definition. 

For every natural number n, let [n] be the category associated to the poset 
{0, . . . , n}. Given two natural numbers n and m, we denote Cat{[m], [n]) 
the category of functors from [m] to [n] with natural transformations as 
morphisms. For every < / < m, the functor di : Cat{[m], [n]) — > Cat{[m — 
1], [n]) is precomposition by the unique injective map 5': [m — 1] — > [m] 
whose image does not contain I; the functor si : Cat([m], [n]) — > Cat{[m -\- 
1], [n]) denotes precomposition by the unique surjective map cr' : [m+ 1] — > 
[m] that sends / and I + 1 to the same element. 

Definition 1.1.5. The category SnC has objects the set of functors 

X: Cat{[l],[n]) C 
satisfying the two following conditions 

1. X{uj) = unless u: [1] — > [n] is injective. 

2. For all 9: [2] — > [n], the sequence 

X{d29) X{die) X{do9) 

is exact. 

The morphisms of SnC are natural transformations of functors. For any 
category C we let iC denote the category with the same objects but with 
morphisms the isomorphisms of C. 
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Example 1.1.6. An object in S^C is a diagram of the form 



Xi3 



X23 

where the horizontal maps are all admissible monomorphisms and the vertical 
ones admissible epimorphisms. 



Sn-lC 



The maps 6^ and cr' defined above induce functors di: SnC 
and si : SnC — > Sn+iC by 

diX{uj) = X{6^uj) and siX{io) = X{a^uj) 



making S.C into a simplicial category. Restricting the morphisms to isomor- 
phisms we get a simplicial category iS,C, and hence a bi-simplicial set 



[n],[k]^MkiSnC 

where A4 is the fc-the nerve. 

Definition 1.1.7. The algebraic K-theory space of an exact category C 
is defined as the loop space 

K{C) = n\[n] ^ iSnC\ = n\[n], [k] ^ J\fkiSnC\ 

The algebraic ET-theory of a ring A is defined by 

K{A) = K{Va) 



with Va from example 1.1.4 above. 



The space K{C) is an infinite loop space. Indeed, SqC is the one point 
category, and SiC = C. Therefore the adjoints of the canonical maps 
MkiSiC X A"*^ — > \N'kiS,C\ induce a simplicial map MkiC — > Q,\MkiS,C\ 
that realized gives 

\ic\ n\is.c\ 

Moreover, an exact structure on C induces an exact structure on SnC by 
declaring a sequence of diagrams to be exact if pointwise is an exact sequence 
of C. This allows to iterate the S'-construction. 



Theorem 1.1.8 f[ \TO5l 1.5.3]). The map \iS.C\ 

topy equivalence. 



^\iS,S,C\ is a homo- 



5 



In contrast the map \iC\ — > ^\iS,C\ is usually not an equivalence. 

Definition 1.1.9. The algebraic K-theory (spectrum) of the exact cat- 
egory C is the spectrum defined by the sequence of spaces 

with structure maps adjoint to |iS'.(")C7| — > Jl|i5'.("+^)C|. 

The algebraic i^-theory (spectrum) of a ring A is defined by 

KiA) = K{Va) 

By the theorem above Ki{C) is positively fibrant, in the sense that it is 

an fi-spectrum above degree zero. Its infinite loop space is J7| 5.(71. 

An exact functor F: C — > C induces a simplicial functor F/. S,C — >• 
S.C by sending X : Cat{[l], [n]) — > C to FoX. Therefore i^-theory defines 
a functor from the category of exact categories and exact functors to spectra. 
Precomposing this with the functor V of the example above, we obtain a 
functor 

^ : Rings — >• Spectra 



1.2 Categories with duality 

There are two generalizations of the S.-construction for categories "with du- 
ality", which will admit some extra structure. We recall the basic definitions 
from |HM12) . 

Definition 1.2.1. A category with duality is a category C together with 
a functor D : — > C and a natural isomorphism 7/ : id ^ such that 
for every object c of C the composite 

D{c) DDD{c) D{c) 

is the identity. We say that C is a category with strict duality if = id 
and r] = id. 

We will sometimes omit rj, or even D from the notation, and refer to C 
as "a category with duality". 

Definition 1.2.2. A morphism {C,D,r]) — > {C',D',7]') of categories 

with duality is a functor F: C — > C together with a natural isomorphism 
S, : FD% D'F such that 



F{c)^^^FDD{c) 



V(c) 



5_D(c) 



D'D'F(c) ^ D'FD(c) 
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commutes for all object c of C. 

Composition of (F, i): C — > C and (G, Q: C ^ C" is defined by the 

pair {GoF,CFoGiO)- 

A morphism (C,D, id) — > {C',D', id) of categories with strict du- 
ality is a functor F:C — > C such that FD = D'F. 

A natural transformation of morphisms of categories with du- 
ality U : {F, ^) =^ (G, Q is a natural transformation U : F ^ G such that 

D'G{c)^D'F{c) 

A 

Cc i 

GD{c)^ FD{c) 

Ud{c) 

commutes. 

An equivalence of categories with duality is a morphism of cat- 
egories with duality (F, : C — > C such that there exist a morphism 
(G, C) : C — > C and natural isomorphisms of categories with duality (F, ^)o 
(CO^idand (G, C) o (F, ^ id. 

Proposition 1.2.3 (Fullback of duality structures under an equivalence 
of categories). Let (C,D,r]) be a category with duality, F: C' — > C and 
G : G — > C' functors, and jx: id ^ G o F and e : F o G =^ id natural 
isomorphism making F and G into an adjoint pair. Then the functor D' = 
GDF together with the natural isomorphism rj' : id (-D')^ defined by 

> GDFGDF{c) 
GF{c)---^GDDF{c) 

GI,Vf(c)) 

is a duality on C' . Moreover the pair {F,eDF)- {C , D') — > {C,D) is an 
equivalence of categories with duality, with inverse {G,GD(e)). 

Proof. In order to show that {D',r]') is a duality, one needs to show that 
D'iVc) ° ''1d{c) ~ id£)/(c)- A computation of the left hand side shows 

G{D{F{fic)) o D{eF(^c)) o e£)F(c)) ° IJ-GDFic) = G{^df{c)) ° I^GDF{c) = idD'c 

where the equalities follow from standard properties of an adjunction. 

To show that {F^edf) is a map of categories with duality, one needs to 
show that 

^DFGDF{c) ° F{GD{€df{c)) ° G{r]F{c)) ° fJ'c) = D{eDF{c)) ° VF{c) 

This follows by naturality of e and the adjunction properties. Similarly 
(G, GD{e)) is a map of categories with duality. The natural isomorphisms r] 
and e are equi variant just by naturality. □ 
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RemEirk 1.2.4. Let F: C — > C be a full and faithful functor, injcctive 
on objects and essentially surjective. Then there exist a functor G: C — > 
C that satisfies the hypothesis of the proposition above. It is defined by 
choosing, for every object c G C, an isomorphism Cc'- F{c') — > c for some 
c' G C, but such that if c is in the image of F, we take the identity -F(c') = c 
for c' the unique object mapped to c by F. Define on objects G{c) = c' . For 
a morphism /: c — > d, define G{f) to be the unique morphism c' — > d! 
such that 

F(c') > F{d') 

Y 

d 



f 

commutes, that is G{f) = F^^{e'^^ ° f ° Cc)- Then by definition G o F = id 
and the isomorphisms eg define a natural isomorphism e : -F o G =^ id It is 
easy to check that e and ji = id form an adjunction. In particular since 
eF(c) = id- 
Proposition 1.2.5. Suppose that F: C — > C is an equivalence of cate- 
gories, and that there are duality structures {C' ,D' ,ri'), {C,D,ri) and a nat- 
ural isomorphism ^ : FD' =^ DF such that {F, ^) is a morphism of categories 
with duality. Then (F, ^) is an equivalence of categories with duality. 

Proof. We define a functor G: G — > G' in the same way as in the last 
proof. Define a natural isomorphism x- GD D'G as follows. For an 
object c G G, by definition ec'- FG{c) = c and eoc - FG{Dc) = Dc. Consider 
the composite 

FG{Dc) ^ D{c) DF{G{c)) ^ FD'{G{c)) 

This is a morphism in G from F{GDc) to F{D'Gc), and since F is an 
equivalence of categories it has a unique preimage Xc '■ GDc — > D'Gc, that 
is define 

Xc = F-\Ql^oD{ec)oeDc) 

For (G, x) to define a morphism of categories with duality, we need to show 
that 



G{c)^^GDD{c) 



''G(c) 



XD(c) 



D'D'G(c) ^D'GD(c) 

commutes. Let us compute D'{xc)- Quite in general, 

D'F-\h: F(c') F{d')) = F-\FD'd' H DF{d') ^ DF{c') % FD'c') 
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Indeed, this is true if and only if 

FD'F-\b)=^;,'Dmd' 
which follows by naturality of ^ for the map F~^{b). Therefore 

Since ^) is a morphism of categories with duality, ° ^dgc = 

ilFGc ° ^{v'gc)'^ therefore we get 

D'iXc) o r]G(c) = F-\^GDc ° D{eDc) o D\ec) o t^fGc) 
By naturality of 77, this is 

-^"HCgLc ° D{eDc) orjco ec) 

We now compute the other composite xdc o G{r]c)- By definition, xdc is 
given by 

XDc = F~^{^G{Dc) ° ^i^Dc) O €d2^) 

It remains to compute G{r]c), which by definition of G is 

G{Vc) = F-\e-l^oncoec) 
Thus the composite gives 

XDc o G{ric) = F'\^G{Dc) ° F>{eDc) or]cO ec) 

We now need to show that the natural transformation e : {FG, ^ o 
(id, id) given by €c = (pc is equivariant, that is 



DUc) 

Dc DFGc 

I 



id 



Dc^ FGD(c) 



By definition, the right vertical map is 

—1 



iGc o 4g(c) ° -^(^c) o CDc = ^(Cc) o CDc 

□ 
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1.3 Antistructures and dualities on Va 



Here we recall the classification of duality structures on Va from |HM12| . 
and we refer to it for the proofs. Given a (right) A(S> A-module L, we denote 
Lt the right A-module structure on L defined hy I ■ a = I ■ a 1. Similarly, 
Ls is the one given hy I ■ a = I ■ 1 a. 

Definition 1.3.1. An antistructure over a ring A is a triple {A,L,a), 
where L is a (right) A (8) A-module and a : L — )■ L is an additive map such 
that 

1. a{l • a (g) 6) = a{l) -h® a 

2. a2 = id 

3. Lt is a finitely generated projective A-module 

4. The map A — > hom^(Lt, Lg) sending a to a(— ) • a (8) 1 is bijective. 

Example 1.3.2. A Wall antistructure is a triple {A, w, e) of a ring A, a unit 
e ^ A^ and a ring isomorphism w: A"'P — > A such that w{e) = and 
w'^{a) = eae"^ (cf. |Wal70j ) . It defines an antistructure (A, A, a) in our 
sense, where the A ^-module structure on A is 

I ■ a® d = w{d)la 

and the map is a = w{—) ■ e. Notice that a Wall antistructure {A,w,e) is 
exactly the data of an additive duality on the ^6-enriched category with 
one object A. Indeed, w provides the additive functor D = w: A°^ — > A. 
The condition w'^{a) = eae~^ is naturality for the natural isomorphism r/ = 
e: id nP'. Finally, the condition w(e) = is the condition -D(//*) or//)* = 
id. When e is in the center the duality is strict, and we call the pair [A, a) 
an anti-involution. 

Given a projective ^d-module P, the abelian group 

L»l(P) = homA(P,L,) 

is an 74-module via 

{\-a){p) = \{p)-a®l , X£Dl{P) 

Moreover, Dl[P) is finitely generated projective, and thus this defines a 
functor 

Dl:V"^^Va 

where a map cj): P — > Q is sent to cp* = (— ) o (p: Dl{Q) — > Dl{P). 
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Proposition 1.3.3 f |HM12| ). The functor Dl: Vf — > Va together with 
the natural transformation r]" : id =^ defined by 

r?^(p)(A:P^L,) = a(A(p)) 

is a duality on the category Va- 

Remark 1.3.4. Conversely, every duality structure (D, ij) on Va comes from 
an antistructure. Indeed the right module D(A) admits an extra structure, 
namely it is an A (8) j4-module, where the module D{A)s is given by 

X-a = D{la){X) 

where la : A — > A is left multiplication hy a G A, which is a right-module 
map. In this case the triple (A, D{A),a) is an antistructure, where a G 
homA{D{A)t, D(A)s) the value at 1 of the composite 

A ^ DD{A) homA{D{A)t,D{A)s) 
and $p: D{P) — > homA{P, D{A)s) is defined by 

'^p{X){p){a) = X{p-a) 
Then (D, rf) is naturally isomorphic to the duality induced by (^4, D{A), a). 

Definition 1.3.5. A map of antistructures {B,K,P) — > {A,L,a) is a 
pair (/, F) of a ring map / : B — > A and a. i?-module map F : K — > L 
with B (8) i3- module structure on L via /, such that 

i) Fo l3 = aoF 

ii) The map 

F:Kt®BA — > Lt , F{l(S)a) = F{1) ■ a(S)l 
is an isomorphism. 

Example 1.3.6. A map of Wall antistructures {B,v,fi) — > {A,w,€) is a 
ring map /: B — > A such that f o f3 = a o f and /(/u) = e. It induces a 
map of antistructures (/, /) : (B, B, (3{—) ■ fi) — > {A, A, a{—) ■ e) 

Proposition 1.3.7 ( |HM12| ). A map of antistructures {f,F): {B,K,l3) — > 
{A,L,a) induces a map of duality structures {Vb,Dk) — > (Va,Dl) with 
underlying functor — (^b A: Vb — > Va o-n-d natural isomorphism 

: homp(P, Ks) 0b A — > hom^(P 0b A, Ls) 

given by 

^p{X0a)ip0a') = F{X{p)) ■ a(0 a 
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Remark 1.3.8. This construction gives an association 



V- : Antistructures — > Categories with duahty 

which is very unfortunately not strictly functorial, since given /: B — > A 
and g : C — > B, the functor (— B) 0b A is canonically naturally isomor- 
phic to — 0c ^) but not equal. This will generally not be a problem, but 
for extending KR-theory to simplicial rings in §5.1| we will need a functorial 
model for Va- One can replace Va by the equivalent category V'j^ with ob- 
jects pairs {m,p: — > A"^) with p a projection (p^ = p)- A morphism 
{m,p) — > {1,q) is a module map between the images /: Im(p) — > Im(g). 
The functor 

Im: V'a^Va 

that sends (m, p) to the image of p is an equivalence of categories (the inverse 



is given by choosing complements so that the sum is free). Thus by 1.2.3 
given an antistructure [A, L, a) there is an essentially unique duality on 
so that the functor Im is an equivalence of categories with duality. For 
clarity, we give an explicit construction of this duality D. Since we want 
Im to be a morphism of categories with duality, we need the projection of 
D{m,p) to have image hom^(Im(p), L^). Remember that Lj is a finitely 
generated projective A-module. Fix a complement H and an isomorphism 
Lt® H = A\ and denote ker(p)* = hom/i(ker(p), L^). This determines an 
isomorphism 

cPp-. A^"" A homA(Im(p), L,) ker(p)* © H"" 
defined by the composite 

A''"' ^ {Lt © H)"^ ^ homA{A"^, L^) © i7™ ^ 

= hom^(Im(p) © ker(p), Ls) e H"^ = homA(Im(p), L^) © ker(p)* © H"" 

Then define the dual of {m,p) as the pair {lm,p*), where p* corresponds to 
the projection 

homAilm{p),Ls) © ker(p)* © i/"* — > homA(Im(p), L^) © ker(p)* © H"^ 

onto the homA(Im(p), Ls)-summand under the isomorphism (pp above. This 
gives a duality D on V'^, and the natural isomorphism 

l(m,p): lTaD{m,p) ^ horn A{lm.{p),Ls) 
makes (Im, ^) : Va — > "P'a i^^to an equivalence of categories with duality. 
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1.4 Real simplicial sets and real nerves 

The classifying space of a category with duahty should carry a Z/2-action, 
coming from some extra structure on the nerve. We review this structure in 
some more generality. 

Definition 1.4.1. A real object in a category C is a simplicial object 
X : — 7- C together with involutions Wfc : X[k] — > compatible with 
the simplicial structure in the following way. 

diUJk = 'jJk-idk-i 

siujk = uJk+iSk-i <l <k 

A morphism of real objects of C is a natural transformation of functors 
that commutes with the involutions in every degree. 

We will mostly be interested in real sets and real spaces, that is real 
objects in the categories of sets and spaces. 

Example 1.4.2. Let C be a category with strict duality D: C"^ — > C. 
The map : NkC — > MkC defined by 

Wfc(co — > ci — > > Ck) = D[Ck) — > D{ck-i) — > ■■■ — > D{co) 

gives the nerve J\f.C the structure of a real set. This real set is called the 
real nerve of C. We will consider categories with non-strict duality below. 

The geometric realization of a real space admits a Z/2-action induced by 
the maps X[k] x A'^ — > X[k] x A'^ defined by 

{x, {to, tk)) I — > {i^k{x), {tk, to)) 

Using Segal's subdivision, we can recover the fixed points space of this action 
as the reahzation of a simplicial space as follows. Let sde : A''^' — > A°p be 
the functor defined on objects by S(ie([n]) = [2n + 1] = [f^]IJ[f^] and on 
morphisms by sending [n] — > [m] to crjja: [n] ]J[ra] — > [m] ]J[m] where 

a(s) = m — a{n — s) 

Precomposition by sd^ induces a functor 

sde'- Real spaces — > Simplicial Z/2-spaces 

from the category of real spaces to the category of simplicial objects in Z/2- 
spaces. Explicitly {sdeX)[k] = X[2fc + 1] and faces and degeneracies {sded)i 
and {sdes)i are given in degree k by 

{sded)i = dio d2k+\-i 

{sdeS)l = SlO S2k+l-l 



13 



The simplicial involution sdeoo: sdeX — > sdeX, given in degree k by uj2k+ii 
induces a Z/2-action on the reahzation |s(ie-Y|- Since the action is simphcial, 
taking levelwise fixed points defines a simphcial space (sdeX)^/^ and it's 
realization is homeomorphic to \sdeX\'^^'^. 

Proposition 1.4.3 f |HM12) ^. The maps {sdeX)[k] x A'^ — > X[2k + l]x 

(x, {to, . . . , tk)) I — > {x, {to, . . . ,tk,tk,. . . , to)) 
induce a'L/2-homeomorphism \sd(.X\ = \X\. In particular on the fixed points 

\X\^/^^\{sdeX)'^l\ 

For a deeper and more conceptual approach to real space and their real- 
ization one can consult |HM12| . 

If C has a non-strict duality, the nerve of C does not carry a real struc- 
ture. To fix this, there is a functor that associates to a category with duality 
(C, D, 7]) a category with strict duality (P(C, D, ri),D) = {DC, D). The ob- 
jects of PC are triples (c, d, (j)) with (j): d D{c) an isomorphism in C. The 
morphisms from (c, d, (p) to (c', d' ,(j)') are pairs of maps {a: c — )• c', 5 : d' ^ d) 
in C such that 



b D{a: c — >c') 

d'^D{c') 

commutes. The functor D : {1)0)°^ — > VC that send an object {c,d,(f)) to 

{d,c,c^ DD{c)^ D{d)) 
and a morphism (a: c — > c' ,b: d' — > d) to 

D{a,b) = {b,a) 

is a strict duality on DC. 

A morphism of categories with duality (-F, ^): {C,D,r]) — > {C , D' ,r]') 
induces a functor T>F : DC — > DC that commutes strictly with the duali- 
ties, by sending (c, d, (p) to 

DF{c,d,<p) = {F{c),F{d),F{d) ^-^ FD{c) ^ D'{F{c))) 
and a morphism (a, b) to {F{a), F{b)). This procedure gives a functor 

D : Categories with duality — > Categories with strict duality 
Moreover we did not change C too much, in the following sense. 
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Proposition 1.4.4 ( |HM12| ). The functor V : C — > DC that sends an 
object c to (c, -De, iduc) and a morphism a: c — > d to (a, Da), together with 
the natural isomorphism 

^c-. VDc = (L>c, D^c, id^2,) ^"^£^^^ {Dc,c,r]c) = DVc 

is an equivalence of categories with duality. Its inverse is the projection 
functor U : DC — > C that sends an object (c, d, (p) to c and a morphism 
(a, b) to a. 

Given {C,D,r]) we want to study the homotopy type of |2?C|^/^. The 
category SymC has objects (c, /) with /: c — > D{c) a map in C such that 

c-^DD{c) 
D{c) 

commutes. Morphisms from (c, /) to {d,g) are commutative squares 

- ^ D{c) 

^D{a) 

d^D{d) 

Proposition 1.4.5 (fH M12j ). If {C,D) is a category with strict duality, the 
nerve of Sym C is isomorphic as a simplicial set to the fixed points of the 
subdivision sde{J\f,C)^^'^ . If{C,D,rj) is any category with duality, there is a 
natural equivalence of categories SymC ~ Sym PC. 

In particular there is a natural homotopy equivalence on classifying spaces 

I SymCI ~ I SymPCI ^ \sde{KVCf/^\ ^ \VCf/^ 

Remark 1.4.6. In the case of the category with duahty (Va, DL,r]°') asso- 
ciated to an antistructure {A,L,a), an object of SymVA is a pair {P, f) of 
a module P and a module map 

/: P^hom^(P,L,) 

such that f = f* o rf^ . Taking the adjoint, this is the same as a map 

J: P P ^ 

such that /(xa, y) = /(x, y) • a (g) 1, /(x, ya) = /(x, y) -X® a and 

oijix, y) = f{y, x) 

Therefore SymiVA is the category of non-degenerated a-bilinear forms on 
A. 
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If {F, ^) : C — > C is a morphism of categories with duality, there is an 
induced functor Sym(F, ^): SymC — > SymC" that sends /: c — > D{c) to 

F{c) ^ FD{c) ^ DF{c) 

Under the equivalence of the proposition above, | Sym(F, ^) | corresponds to 
the restriction of the equivariant map \T>F\ to the fixed points space. This 
proves the following corollary from jHM12| . 

Corollary 1.4.7. Let C — > C he a morphism of categories with 

duality. If both \F\: \C\ — > \C'\ and |Sym(F,0|: |SymC| — > |SymC"| 
are weak equivalences, the equivariant map \T>F\ : \T>C\ — > \T)C'\ is a Z/2- 
equivalence. 

In particular, this is the case when {F, ^) is an equivalence of categories 
with duality. 

Remark 1.4.8. One could wonder what happens if we apply P to a category 
C that already had a strict duality. In this case the functor V : C — > T>C 
defined above commutes strictly with the dualities, and therefore it induces 
an equivariant map on classifying spaces. This map is a non-equi variant 
equivalence since V is an equivalence of categories. Moreover, the functor 
Sym( V^, id) : Sym C — > SymDC is the equivalence of categories proposition 
1.4.5 and therefore it induces an equivalence on fixed points |C| 



Remark 1.4.9. The careful reader might have noticed that a natural trans- 
formation of morphism of categories with duality as defined in |1.2.2| has to 
be an isomorphism. This condition it required if we want U : (-F, ^) (G, C) 
to induce a natural transformation Sym(F, ^) =^ Sym(G, (). However we can 
bypass the Sym construction and see what condition is needed on a natural 
transformation U : F ^ G to induce a simplicial Z/2-homotopy between the 
subdivisions of the nerves of 'D{F, ^) and P(G', C)- One finds that it is enough 
to ask for the weaker condition that 

F{Df) o o D'iUd) o Cd o UDd = F{Df) 

and 

o D'{Uc) o Cc o Udc o F{Df) = F{Df) 
for every morphism /: c — > dm C. There is a similar condition for U to 



induce an equivariant homotopy in THR (cf. 4.1.3). 



1.5 The 5. -construction and S* ' -construction 

When an exact category has a compatible duality, S,C becomes a category 
with duality called S}'^C. This allows to define an involution on the K- 
theory spectrum. However, if one wants deloopings in both the directions 
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of trivial and non-trivial Z/2-representations a more involved construction 
than S}'^C is needed. This is S^'^C. The theory for these two construction 
can be found in [HM12]. Here we review the definitions and a few main 
statements from plM12j. 

Definition 1.5.1. An exact category with duality is an exact category 
(C, S) together with the structure of a category with duality (C, D, rj) such 
that 

1. D: C°P — ^ C is an additive functor, that is D : C{c, d) — > C{Dd, Dc) 
is a group homomorphism 

2. for every sequence c — t- d — t- e G its image 

D{c ^ d ^ e) = D{e) D{d) D{c) 
also belongs to £. 

We will often denote this data by {C,£,D) or just C. A morphism of 
exact categories with duality is a morphism of categories with duality 
whose underlying functor is exact. 



Example 1.5.2. The category Va with the exact structure of 1.1.4 and 
the duality induced by an antistructure (A, L, a) is an exact category with 
duality. This defines a (lax) functor 

V : Antistructures — > Exact categories with duality 

The categories [n] have a canonical strict duality LVn ■ [n]°P — > [n] defined 

by 

= n — i 

This induces a strict duality on the functor category Cat{[n], [m]) by sending 
a: [n] — > [m] to its conjugate 

a = ijJm o (J o UJn 

If (C, D,r]) is a category with duality, this defines in its turn a duality on the 
category of functors X : Cat{[n], [m]) — > C by sending X to the conjugate 

Cat{[nl[m])-^^C 



(-) 



op 



D 



Cat{[nUm]r^C-P 

and where r] is the natural isomorphism 

ry,: X„ ^ D\X^) = D\X), 
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Proposition 1.5.3. If{C,£,D,ri) is an exact category with duality, the 
duality above restricts to a duality [D : SnC"^ — > SnC, rj) on SnC. Moreover 
the face and degeneracy functors of S,C satisfy 

diD{X) = D{dn-lX) 
siD{X) = D{Sn-lX) 

for all < I < n. 

If the duality on C is strict, so is the one on SnC 

Definition 1.5.4. The simplicial category S.C together with the duahties 
Dn : SnCP SnC is called the S/'i-construction of C, denoted S^C. 

Definition 1.5.5. A real category is a simplicial category C. with struc- 
tures of categories with duality {Cn, Dn,r]n) in every simplicial degree n, 
satisfying 

dlDn = Dn-ldn-l 
SiDn = Dn+lSn-l 

for all < Z < n. 

A morphism of real categories is a simplicial functor F, : C. — > C[ 
together with the structure of morphisms of categories with duality 

{Fni ^n) '■ Cn > C'^ 

for all n > 0. 

This terminology might be misleading, since a real category as defined 
here is not a real object in the category of categories. Nevertheless, the 
levelwise nerve of the simplicial category T>{C,) defines a real object in the 
category of real sets. This gives a functor from real categories to real real 
sets. In particular, [n] i— )■ \N'.V(Cn)\ with the involutions induced by the 
functors Dn on the classifying space is a real space. This gives a functor 
from real categories to real spaces. Taking reahzation, this induces a functor 

I — I : Real categories — > Z/2-Spaces* 

If {F,S,)' {C,D,ri,£) — > (C , D' ,ri' ,£') is a morphism of exact categories 
with duality, the functor Fn : Sn^C — > Sn^C , defined as earlier by compos- 
ing a diagram with F, admits a canonical structure of morphism of categories 
with duality, and it preserves the simplicial structure. This construction gives 
a functor 

\VS}'^{—)\: Exact categories with duality — >■ Z/2-Spaces* 
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Remark 1.5.6. Let {C, D,ri,S) be an exact category with duality. The 
category DC inherits a structure of exact category with strict duahty by 
declaring a sequence 



d' ^ d" 



DU^Dic')^Dlc") 

to be exact if c c' c" is. This forces d" d' — ^ d to be exact 
as well, since exactness is preserved by the duality and under isomorphism 



of sequences. The equivalence of categories C — > VC of 1.4.4 is clearly an 
exact functor. This extends P to a functor 

T) : Exact categories with duality — > Exact categories with strict duality 

Moreover, there is a canonical natural isomorphism of real categories with 
strict duality Sj'^VC = 'DS}'^C. This is defined by a simple reindexing, as 
follows. An object of VS^C is a triple (X,y,0) with (f):Y — > D{X) a 
natural isomorphism in S}'^C, given by a family of isomorphisms cp^- ■ Ya — > 
D{Xa). This is mapped by the isomorphism above to the diagram of VC 
defined at a a by the triple (X^ , Y^, (p^) . 

Suppose that the duality on C is strict. The 1-simplicies are Sl'^C = C 
with the same duality structure. Since the action on the realization of a 
real space flips the simplex coordinates, the maps MkSiC x A'^ — > \J\fkS,C\ 
are equivariant for = / on which Z/2 reflects around 1/2. We denote 
S^'^ the circle with involution induced by complex conjugation, and for Y 
a Z/2-space, we denote Q}^^Y = Map^ (S'^'^y) the based loop space with 
conjugation action. The adjoints of the maps above give an equivariant map 

\c\ ^^^^\syc\ 

The duality structure on Sn^C is compatible with the exact category struc- 
ture defined pointwise for S^C, making Sn^C into an exact category with 
strict duality. This allows to iterate the S'^'^-construction. We would like to 
collect these iterated S'^'^-constructions and the maps 

\iC\ ^^^^\iS}'^C\ 



above into some kind of Z/2-spectrum (see 1.5.15 below). In order to do 
this in a convenient category of Z/2-spectra, we want a construction that 
deloops also with respect to the trivial action on the circle. For this, following 
|HM12) . we define another functor from exact categories with dualities to 
real categories, denoted Sj'^. This should be somehow thought of as a S}'^- 
construction and a -construction combined. 



19 



Definition 1.5.7. Let {C,S) be an exact category. A sequence 



, m p 

— y c — ; 



in C is called (4^term) exact if i is an admissible monomorphism, p is an 
admissible epimorphism and m factors as 

^ e 




where / is a cokernel for i and g is & kernel for p. 

Definition 1.5.8. Let {C,D,r]. £) be an exact category with duality. The 
category Sn^C has objects the functors X: Cat([2], [n]) — > C satisfying the 
two following conditions 

1. X{9) = unless 9: [2] — > [n\ is injective. 

2. For each if): [3] — > [n], the sequence 

X(d3V') X{d2i^) X{di^) X{do^) 

is exact. 

2 1 

Morphisms of Sn C are natural transformations of functors. Conjugation 
of functors by the dualities on Cai([2], [n]) and C restricts to a duality 
(£>„: Sl'^CP S^n^C,ri) on S^n^C. 

2 1 

The subcategory of Sn C with all objects and natural isomorphisms as 

2 1 

morphisms is denoted iSn C. 

Example 1.5.9. An object of S^' C is a diagram of the form 
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345 




012 



where the tailed maps are admissible monomorphisms and the ones with 

11 2 1 

double tip admissible epimorphisms. Notice that C includes in S^' C 
both as the top and the bottom face of the tetrahedron. Quite in general 

11 2 1 

Sy.' C embeds in Sj^'^^C in two ways. These two inclusion are swapped by 
the action, and therefore are not equivariant. For an equivariant map from 



S^'^C to S^'^C see 4.11.9 



Just as for S,C, the maps 6^ : [n — 1] — > [n] and : [n + 1] — t- [n] make 
Sj'^C into a simplicial category. 

Proposition 1.5.10. The face and degeneracy functors of S^'^C satisfy 

diD{X) = D{dn-lX) 
siD{X) = D{Sn-lX) 

for all < I < n, defining a structure of real category (S^'^C, D^rj). 

Definition 1.5.11. The real category S^'^C is the S'f '^-construction of 

C. 

As for S}'^, composing diagrams by a morphism of exact categories with 
duality C — > C gives a morphism of real categories S^'^C — > Sj'^C . Thus 
the S'^'^'^-construction gives a functor 

5,^'^ : Exact categories with duality — >• Real categories 
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Remark 1.5.12. Exactly like for 1.5.6 above, there is a canonical natural 
isomorphism of categories with strict duality VS^'^C = S^'^VC defined by 
reindexing the data. 

Definition 1.5.13. The real X-theory of an exact category with duality 
(C, D,r],£) is the Z/2-space 

KR(C) = n^'^\iS^'^VC\ 

The real iiT-theory of a ring with antistructure {A,L,a) is the Z/2-space 

KR{A) = KR{Va) 

Let us see how the S^'^-construction deloops. Suppose now that the 
duality on C is strict. We denote S*^'^ the one point compactification of C 
with Z/2-action induced from complex conjugation. For Y a Z/2-space, we 
denote Q^'^Y the based loop space Map^(5^'^,y) with conjugation action. 
The projection maps A/^S'j'^C x — > \J\fkS^'^C\ are equivariant for 
equipped with the action that reverses the order of the coordinates. Since 
Sq'^C = S'^'^C = and = C, they induce a real map 

AfkC n^'^\AfkSyc\ 

that realized gives an equivariant map \C\ — > ^'^'^\S^'^C\ and \iC\ — >• 
Q'^'^\iS^'^C\. As for the other constructions, Sn^C is an exact category with 
duality by defining exact sequences as being sequences of diagrams that are 
pointwise exact. Thus the 5^'^-construction can be iterated. 

Theorem 1.5.14 ( |HM12) ). For {C,D,£) an exact category with strict du- 
ality, the map 

\iS^'^C\ 1^2,1 1^5-2,1^2,1^ 
is a Tj / 2-homotopy equivalence. Moreover the map 

\iC\ 1^2,1 1^5-2,1(^1 

is an equivariant group completion, i.e. it is a homology equivalence after 
inverting TTQ\iC\, and the restriction 

I SymiCI ^ (1^2.1 |i52,i^|)Z/2 

is a homology equivalence after inverting ■KQ\iC\^^'^ . 

We can assemble the iterated 5"^ '^-constructions into a convenient notion 
of spectrum with Z/2- action. We recall this definition from |HM12) (see also 
|Shi89) ). We denote 5^"'" the n-fold smash product of the sphere S'^'^ with 
itself with diagonal action, and ri^"'" = Map^,(52"''^, — ) the pointed mapping 
space with conjugation action. 
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Definition 1.5.15. A real spectrum X is the data of a pointed Z/2-space 
Xjn for every integer m > 0, and maps of pointed Z/2-spaces 

such thai am,o '■ A — > Xm is tlie canonical isomorpliism, and 
{Xm A A ''"^■"''''^ > A S^P'f 

X™ A ^ X„ 



commutes. 

If the adjoint of the structure maps 



~ . V , (-)2n,n v 

Om,n- -^m ' " ^m+n 

are weak Z/2-equi valences, we say that X is a real ri-spectrum. 
The infinite real loop space of X is the Z/2-space 

02°°'°°X = colimJ)2n-'^X„ 

n 

where the colimit is taken over the adjoint of the structure maps. 

A Z/2-space Z is said to be an infinite real loop space if there is a real 

ri-spectrum X with Xq = Z. 

A map of real spectra /: X — > y is a family of Z/2-maps fm- Xm — > 
Ym such that fm+n o am,n = (^m,n ° (fm A id). We Say that / is a levelwise 
Z/2-equivalence if every fm is a weak Z/2-equivalence of Z/2-spaces. ^Ve 
say that / is a stable Z/2-equivalence if its induced map 

is a weak Z/2-equi valence of Z/2-spaces. 

For an exact category with strict duality C, the family \i(S^'^)^"^^C\ 
together with the structure maps 

I •^^2,l)(m)(^| ^ g2n,n _^ \i(S^'^)i'^+"') C\ 

defined by iterating the maps \i{S^'^)^"'^C\AS^'^ \i{S^'^)^'"+^'^C\ defined 
above, is a real spectrum. 

Definition 1.5.16. The real algebraic K-theory of an exact category 
with strict duality {C,D,£) is the real spectrum 



miC) = {\i{Sy)^"'^VC\}meN 
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By 1.5.14 if C is split-exact the spectrum KR(C) is "positively fibrant", 

i.e. the adjoint of the structure maps are Z/2-equi valence above degree 1, 
and the first map \iC\ — > \iSj'^C\ is an equivariant group completion. In 
this case the X-theory space K[C) is a real infinite loop space. All together, 
we defined a functor 

KR : Exact categories with duality — > Real spectra 

that precomposed with 'DV(^--j gives a (lax) functor 

KR: Antistructures — > Positively fibrant real spectra 

It is possible to define the more refined notion of a "real symmetric spec- 
trum". However, in order to obtain such a structure on KR(C), one needs to 
replace (5^'^)^™"^ with a homeomorphic construction, denoted S^"^'"^. This 
is done in great details in |HM12] . 
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2 Real i^'-theory of split square zero extensions of 
antistructures 



2.1 Introduction 

Let M be a bimodule over a ring A. Define A >< M to be the ring with 
underlying abehan group A © M, and multiplication 

(a, m) • (a', m') = {a ■ a' ,a ■ m! + m ■ a') 

If / : -B — > yl is a split-surjective ring map with square zero kernel, there is 
an isomorphism over A between B and A K ker/. Using this identification, 
one can describe the homotopy fiber of K{B) — > K{A) as the homotopy 
fiber of a map K{A k M) — > K{A) induced by the projection AkM — > A. 
In [DM94] . the authors define a model for this homotopy fiber that can be 
easily mapped to THH(A; M). Here we generalize this for KR when A and 
B are equipped with antistructures and both / and the section are maps of 
antistructures. 

In |DM94| §4], the authors define a simplicial category S.{A]M) with 
objects S,Va and with the endomorphisms of X given by the abelian group of 
natural transformations of diagrams of right A-modules homyi(X, X ®a M); 
for short 

S.{A;M)= ]J homA{X,X0AM) 
X€S.Va 

Composition is given by objectwise addition of module maps. Then they 
build a homotopy commutative diagram 

SXA-M)-^iS.VA^M 

ObS.VA^^iS.VA 

where the horizontal maps are weak equivalences. The bottom map is the 
inclusion of the discrete category of objects OBS.Va- The left vertical map 
is the projection that remembers only the object of S,Va- It splits by the 
section sending the identity of an object X G ObS.VA to the zero natural 
transformation of hom^(X, X (^a M). In simplicial degree 1, ^ sends an A- 
module P to the abelian group F{P) = P© (P (^a M) with A k M-module 
structure 

(p, p © m) ■ (a, m) = {p ■ a, p © (m' • a) + p © m) 

This module is canonically isomorphic to P (^a x M), via the map that 
sends {p,p' (^m) to p© (1, 0) + p' © (0, m). A module map / : P — > P©a M 
is sent to 

^i(/) = i \ ^ ) : © m') I — > ip,p © m + f{p)) 
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The functor ^ on higher simphcies is defined pointwise from ^i. 

Remark 2.1.1. It might look surprising that we just have identities in the 
diagonal for ^'(/). This is similar to the fact that ObS.C — > iS,C induces 
a weak equivalence on realizations. 

The diagram above shows that the homotopy fiber K{Ak M) of the map 
K{A t< M) — > K[A) is weakly equivalent to the loop space of the homotopy 
fiber of the realization of 5. (A; M) — > ObSJ^A- Then the authors compute 
the homotopy fiber of this last map, showing that it is weakly equivalent to 
the realization of the bisimplicial set VxsSPa ^o^aC-'^; X ®a M{S})) where 
M(S}) is the Bar construction on M. This gives a weak equivalence 

K{A K M) ~ 0| \J homAiX,X0A M{S}))\ 

Here, we generalize this model to the equivariant situation. An "M- 
twisting" J defines both a lifting of an antistructure {A, L,a) to At< M and 
natural duality maps 

J: homA(P, Q M) ^ homAiDiQ, (DlP) 0a M) 

for all pairs of modules P,Q£ Va- From this data, we give a model for 
iS^'^WakM by defining a simplicial category 

S^'\A;M)= ]J homA{ip,ip0AM) 
ip&ObS'^'^VVA 

It has objects ObS^'^WA and only endomorphisms. The endomorphisms of 
an object (p = (X, Y,(f):Y — > Dl{X)) is the abelian group hom^(93, 93 (^a 
M) of pairs of morphisms of diagrams / : X — > X <Sia M and g : Y — > 
Y <SiaM such that 

Ye Ye a M 

DUXe) DL{Xe) 0A M 

JUb) 

commutes for all 9 G Cat([2], [k]). Composition is pointwise addition. This 
simplicial category has a duality that sends a pair to the pair 

{/g})- Theorem 2.3.1 is the main result of ^ where we define an 



equivariant version of the equivalence ^ , fitting into a diagram analogous to 
the above diagram from |DM94| : 

Sj^\A-M)^iSj^^VVA.M (1) 

V(-i2)a<xmA) 

ObS^VVA iS^'^VVa 
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that commutes up to equivariant homotopy. The horizontal maps are both 
Z/2-equi valences. The two vertical maps are induced from the projection 
A « M — > A, and the bottom map is the inclusion of the objects as a 
discrete category. 

By this theorem, the homotopy fiber KR(j4 k M) of the projection map 
KR(^ K M) — 7- KR(^) is Z/2-equivalent to the equivariant loop space 
^2,1 — Map^(C~^, — ) of the homotopy fiber of the left vertical map of diagram 
Q. Similarly to the non-equivariant case, we describe this fiber equivariantly 
as 

KR(^ X M) ~ n^'^l y houiAiif, (f 0A M{S}'^))\ 

Here M(5_^'^) is the Bar construction on M with levelwise involution given 
by sending (mi, . . . , niq) to (m^, . . . , mi). 

2.2 Split antistructures and M-twistings 

Given an antistructure [A^ L, a) and an j4-bimodule M one may ask for 
antistructures [A ix M, L*^, a^^) such that the projection p: A K AI — > M 
is the underlying ring map of a map of antistructures 

{p, F): {Ak M, L^^ a^^) {A, L, a) 

For general M there might not be any such antistructure. However, we 



show in appendix 6.1.7 that lifts of {A,L,a) to j4 ix M exist if and only if 
there is an M-twisting of (A, L, a) as defined below, and that the set of M- 
twistings classify the possible antistructures on ^ >< M that lift the original 
antistructure on A and for which the zero section A — > A t< M defines a 
map of antistructures. 

Recall that L is an A (8) ^-module and that Lf and Lg are the j4-modules 
(L, A(g)l) and (L, 1 (g) A). We consider Lt (E)a M as an A (g) ^-module by 

{I m) ■ {a a') = {I ■ 1 a) m ■ a 

Definition 2.2.1. An M-twisting of an antistructure {A,L,a) is an 
additive involution J : Lt <^a M — > Lt (^a M such that 

J{{1 (g) m) • (a (g) a)) = J{1 (g) m) • {a (g) a) 

If M and are two A-bimodules, and J and J' are respectively an M- 
twisting an A^-twisting of L,a), a map of twistings from J to J' is a 
map of bimodules / : M — > N such that 

/ o {Lt ®f) = {Lt®f)oJ 
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Remark 2.2.2. One should think of an M-twisting as a bimodule over 
{A,L,a), just as a spht square zero extension of rings is a bimodule over 
the base ring. For a category C with finite limits, Quillen defines in |Qui70 



the category of bimodules over an object X ^ C as the category of abelian 
group objects in the over category C/X. We show in 6.1.2 that the category 
of bimodules over a antistructure (A, L, a) is equivalent to the category of 
twistings defined in 2.2.1 above. 

Given an M-twisting J, we construct an antistructure {A K M, L"^ , a'^) 
lifting {A,L,a). First remember for every A-module P that F{P) = P (B 
(P (8)A M) is a ^4 K M-module via 

{p, p ® m) ■ (a, n) = {p ■ a, p ® ma + p®n) 

For P = Lf this defines an ^-module F{Lt). We use the M-twisting to 
define to define the second A ix M-module F{Lt)s as follows 

{1,1' m) ■ 1 (g) {a,n) = {I ■ 1 (g) a,r m ■ 1 a + J{a{l) (g> n)) 

The two A IX M-module structures on F{Lt) commute to define a K M) 
{A K M)-module structure on F{Lt). We denote this {A t< M) {A t< M)- 
module by L"'. 

There is an involution a"^ on L"^ = F{Lt) given by 

a\U I' ®m) = {a{l), J{1' tg) m)) 



We show below in Proposition 2.2.5 that {A K M, L"^ ^a"^) is indeed an 
antistructure. The obvious maps 

p: {A X M,L\a-^) — > {A,L,a) , s: {A,L,a) — ^ >< M,L-^,a^) 

are maps of antistructures {p is projection on the first summand and s the 
zero section, both on the ring level and on the modules). We have po s = id, 
and we say that {A K M, L'^ , a"^) is a split antistructure over [A, L, a). 

Example 2.2.3. Suppose that a: A^p — > A and a: At< M°P — > A t< M 
are anti-involutions and the projection p: A t< M — > M is a map of anti- 
involutions. It is not hard to see that the map a must be of the form 



a 
r j 



for additive maps j : M — > M and r : A — > M satisfying 

1. f = id 

2. j(a • m) = j{m) ■ a{a) 
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3. j{m ■ a) = a{a) ■ j{m) 

4. r(a • b) = a{b) ■ r{a) + r{b) ■ a{a) 

5. r o a = —j o r 

Moreover the zero section s: A — > A t< M is equivariant if and only if 
r = 0. In this case, the corresponding antistructure (A t< M, A x M, a) is 
associated to the M-twisting J given by j under the canonical isomorphism 
Lt<»M = A<^M^M. 

The case where r 7^ is not covered by this set of examples, but it is 
discussed in 16. II 

The following lemma is a central ingredient not only for proving that 
{A K M, L'^,a'^) is indeed an antistructure, but also for the next section. 

Lemma 2.2.4. Let J be an M-twisting of (A, L, a). Then for any P € Va 
the map 

^p: F{homA{P,Ls)) ^homA^M(.F{P),Li) 
sending (A, 6 ^n) to the module map 

^(A, 6 n){p,p' m) = {X{p),S{p) n + J{a{X{p)) (g) m)) 

is an isomorphism of A t< M -modules. 

Proof. We define an inverse for ^p. For x £ hom(F(P), L^), denote xi and 
X2 the compositions with the projections onto L and Lt <0a M, respectively. 
Since x is a module map 

Xi{p • a,p' ®m ■ a -\- p®n) = XiiPiP' " ^®cl 

X2{p ■ a,p'^m ■ a -\- p^n) = X2{p-,p' ®rn) ■ l(g)a + J{a{xi{p,p' ^rn))0n) 

Setting a = we get that Xii^iP 'i^ n) = and that 

X2{0,p(S>n) = J{a{xi{p,0)) (S>n) 

is determined by xi- Setting m, n and p to zero, one sees that 0) and 

X2(— 1 0) are elements of hom^(P, Lg) and homyi(P, (L((8)/iM)s), respectively. 
For P GVa, let 

//: homA{P,Ls) ®aM — > homA(P, {Lt ®a M)s) 

be the canonical map which sends A (8) m to p 1— )• \{p) (8) m. It is an iso- 
morphism since P is finitely generated projective. The inverse sends x 
to 

(Xi(-,0),/x-^(X2(-,0))) 

□ 
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Proposition 2.2.5. The triple {AikM, , a^) is a split antistructure lifting 
(A, L,a). A map of twistings f : M — > N from J to J' induces a map of 
antistructures 

{A ^ f,Lte Lt ®A /) : X M, L'^ , a^) ^{A\xN, L^\a^') 

Proof. We must show that the map f^j : At< M — > hom^,xjvf (L/, L/) send- 
ing {a,m) to a'^ {—) ■ {a,m) (g) 1 is an isomorphism. Setting P = Lt in the 
lemma 2. 2. 4| above, shows that f^j is an isomorphism if and only if the map 

n: At< M — > F{homAiLt,Ls)) 

that takes {a,m) to (a • a (X" l,a(— ) (8) m) is an isomorphism. Under the 
isomorphism A t< M = A ® {A M) = F{A), this is the map 

fa e (A (E) M) : F{A) F(hom{Lt, L,)) 

which is an isomorphism with inverse fa^®fa^^^^- 

To see that {A x M, L'^,a'^) lifts {A,L,a), we need to show that the 
projections p: A K M — > A and p: L'^ — > L onto the first summands 
define a map of antistructures {p,p)- The projection clearly commutes with 
the dualities a and a"^, and the map 

p: L-^ ®AkM a — > L 
is the canonical isomorphism 

L-^ ®A^M A = {Lt® Lt ®A M) ®A^M A ^ {Lt ®a {A k M)) (g)A^M A^L 

The zero sections s: A — > A IK M and s: L — )■ L'^ also define a map of 
antistructures, since the map 

s: Lt (g)A X M) — > = Lt® Lt ®a M 

is the canonical isomorphism. 

For the map of twistings, we must show that the map 

L-^ ®AkM AkN — > Lf 

that sends (/, I' ® m) <^ (a, n) to 

{1,1' 0f{m)) ■ {a,n) 1 

is an isomorphism. The inverse is 

{I, l'(g)n)^ {I, 0) (1, 0) + (/', 0) (0, n) 

□ 
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Given an M-twisting J of (A, L, a) and P,Q^ Va, define 

J: houiAiP, Q^aM)^ homA{DL{Q),DL{P) (^a M) 
as follows. For / : P — > Q (^^a M and A : Q — > Lg let it be 
J{f){\) = ^-\P ^Q®aM 



>^L, ^^M'^-^Lt^AM^Lt^AM) 



where ^: Dl{P) ®a M — > hom^(P, (Lt 0a M)s) is the canonical 
isomorphism. The following properties of J are easy consequences of the 
definitions. 

Proposition 2.2.6. The map 

J: houiAiP, Q®aM)^ homA{DL{Q),DL{P) 0a M) 
is natural in both variables. Moreover, the diagram 



P 



D\{P) 



Q®aM^^D\{Q) 0a m 



commutes. 



2.3 The models for KR{A x M) and KR{A x M) 

We now have the tools to give a precise definition of diagram 0. Fix an 
M-twisting J of {A,L,a), and recall that the category 

S^'\A;M)= ]J homA{ip,ip0AM) 
ipeObs^'^vvA 

has objects ObS^'^WA, that is triples ip = {X,Y,(f)) with X and Y dia- 
grams in S^'^Va, and (j) a natural isomorphism {(pe: Yg — > Di^Xg)}. The 
endomorphisms of ip is the abelian group houiAif, (f 0a M), defined as the 
set of pairs of natural transformations of diagrams / : X — > X 0a M and 
g:Y — >Y0aM such that 



Yn 



99 



Yg 0A M 



DL{Xe 



J He ) 



DUXg 



M 
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commutes for all G Cat([2], \k]). Here J is the natm'al map defined in 



2.2.6 Composition in S'^'^{A;M) is pointwise sum, and in particular every 



morphism is invertible. The duality is, on objects, the same as the duality 
on S'^'^Wa induced by (A, L, a). On morphisms it sends a pair ({/e}, {ge}) 
to ({^elil/e}) an endomorphism 

h 



V 

DL{<h)) 



J{9e) 



of Dl{lp) = (Y, X, DL{(j)) o rf). Both squares commute by the properties of J 
showed in 12.2.61 

There is a duality preserving functor 



iS^'^VVa^m 



where the right hand-side is equipped with the duality induced by the anti- 
structure {A IK M, , a"^). It sends an object ip to the diagram defined at 6 
by 



0ee(</>e®M) 
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F{DL{Xe))^^DL.,{F{Xe)) 



with i defined in |2.2.4[ We recall that F{P) = P®P®aM = P®aAkM for 
every A-module P. An endomorphism (/, g) of ip is sent to the endomorphism 
of -^{lp) in iS^'^VVAxM defined by the pair of natural maps 



F{Xe) F{Xe), F{Ye) F{Ye)) 

To finish the definition of diagram ([T]) we need to define the vertical 
maps. The left one is the functor S^'^{A; M) — > ObS^'^WA that projects 
onto the objects. The right one is the functor 

Vi- (^akM A) : iS^'^VVA^M iSyvVA 

induced by the map of antistructures {A x M, L"^ ^a"^) - 
2.2.51 This is the main result of 32l 



{A, L, a) from 



Theorem 2.3.1. Let J be an M-twisting of an antistructure (A, L, a). Then 
there is a diagram of duality preserving functors 



St^^{A;M) 



ObSf'^VVA 



iS^'^VVAv.M 

V(-i2)a<xmA) 

^ iS^'^VVa 
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that commutes up to 'L/2-homotopy, where the two horizontal maps are Z/2- 
equivalences. 

The proof of this theorem is presented in the next four sections. We 
finish this section by proving a crucial corollary. Recall that we denote 
KR{A K M) the homotopy fiber of the projection KR(A K M) — > KR(^) 
over the basepoint. Since the basepoint is a fixed point, KR(A >< M) is a 
Z/2-space, equivariantly homeomorphic to 

KR(A K M) ^ n^'^\iofih{\iS'^^^VVA^M\ \iS'^'^VVA\) 

A model for this homotopy fiber is Q?'^ of the realization of the bisimplicial 
set ^ 

5y(A;M(5y))= V homA((/^,(/^®AM(5y)) 
ipeObS'^'^WA 

where we recall that M{S}'^) is the Bar construction on M with the in- 
volution that reverses the order of the components. The bisimplicial set 
Sj'^{A; M{S}'^)) has a degreewise involution defined as follows. An element 
of S'^'^{A; M{Sq'^)) consists of a E ObS^'^WA labeling the wedge compo- 
nent, and of a pair of g-tuples of natural transformations 

{{fe}, . . . , {/|} : X ^ X »^ M, {g',}, {g^} -.Y^Y^aM) 

such that each pair belongs to houiAi^, ^ 0a M). The involution 

sends this pair to the pair 

i{9l},...,{gl}-y ^y^A M,{/|},...,{/i}:X^X®A M) 
in the Di^ip) wedge component. 

Corollary 2.3.2. Let J be an M -twisting of an antistructure (A, L, a). Then 
there is a weak Ij/ 2- equivalence 

KR{A X M) ~ \J homA(v7, (^a M{S}^^))\ 

Proof. We use an equivariant version of the argument for |DM94l 3.4]. We 
define KR(A; M{S}'^)) as the realization of the real category 

KR{A-M{S}^^)) = 02.115-2,1(^.^^)1 

The homotopy fiber of the map KR{A] M{S}^^)) — > KR(^) is denoted 
KR(^; M(S'i'i)) and it is equivariantly homeomorphic to 

KR{A-M{S}^^)) ^ n^^^hom){\S^'\A;M)\ \ObS^'^VrA\) 
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With this notation, taking fi^'^ of the reahzation of the diagram of 2.3.1 
gives a Z/2-homotopy commutative diagram 

KR(^; M{Sy )) KR{A k M) 

I 

KR(^; M{Sy)) KR{A k M) 



Y 

n^'^\ObS^'^VVA\ — ^^KR{A) 
Therefore it is enough to show that there is an equivalence 
hofib(|52'i(A; M)\ \ObS^''VVA\) ^ \ V ^ ®A M{S]'^))\ 

We denote this homotopy fiber by 

F = hofib(|5'2'i(^;M)| \OhS'^^^VVA\) 

Since composition in Sj'^{A] M) is addition, the nerve J\f.Sj''^{A\ M) is given 
by the disjoint union 

M.Sj^\A-M)= ]J homA(^,^C$AM(5y)) 

with involution defined in exactly the same way as for the wedge. Restricting 
on the homotopy fiber the projection map from the disjoint union to the 
wedge we obtain an equi variant map 

a:F^\ \J homA{ip,ip(S)AM{S}'^))\ 

We are going to build, for any given positive integer p, a model for a which 
is roughly 2p-connected as a map of spaces, and roughly p-connected on the 
fixed points. This shows that it a is arbitrarily highly connected both non- 
equivariantly and on the fixed points, and therefore it is a Z/2-equivalence. 
This will finish the proof. We construct this models for a by iterating the 
S^'^-construction. Define for all natural number p a multisimplicial category 
with duality 

S^P^P{A; M)= W homA(i9, ^ ®a M) 

■&eOb(s^''>-yp)vvA 

in a completely similar way as we did in the previous sections. Since all 



the maps we defined were pointwise, theorem 2.3.1 extends word by word to 
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define a diagram of Z/2-spaces 



\Sy^P{A-M)\ 



\J((p) 



M 



|06(S'2'i)(p)pp^| 



i(5'2,l)(p)pp^| 



Moreover tliere is a commutative square 

|S'2P'P(A; M)\ ^ 1^2,l|52(p+l),(p+l)(^. 



vl;(p) 

|i(52'l)(P)pP^^M| 



wliere tlie two vertical maps are equivariant equivalences, and the lower 
horizontal is one as well by |1.5.14| Therefore the realization of the projection 
map S'^'^{A;M) — > ObS^'^WA deloops equivariantly as 



{n'^'^)(p-^)\S^P'P{A-M)\ 



\ObS^^^VVA\ (f)2,i)(p-i)|o^(5'2,i)(p)pp^| 

and both vertical maps have equivariant splittings, that also commute with 
the horizontal maps. This shows that the homotopy fiber 

= {hoSb \S^P'P {A; M)\ \Ob{S^'^)^P'>VVA\) 
deloops F equivariantly by 

Also, by homotopy invariance of the homotopy cofiber applied to the sections, 
there is an equivalence 

I V homA{ip,ip0AM{Sy))\ 



(r?2.i)(p-i)| Y homA{'&,^<^AM{{S}'YP))\ 

'&eOb{S^^T-)MvrA 

where M{{S}'^)^p) is the Bar construction AI(S}'^) iterated degreewise p 
times. Similarly as before, the projection from disjoint union to wedge in- 
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duces a map a^^^ fitting in a commutative diagram 



F 



a 



V homyi((^, (g)^ M)| 



(02,1){P-1)^{P) 



(n2'i)(f-i)a(p) 



111 ^ 



|2,i)(p-i)| \j homA{^,^0AM{iSy)^P))\ 



Oh{S}^)(p)VVA 



Therefore, it is enougli to sliow tliat tlie connectivity of (p?'^YP~'^'> a^'P^ tends 
to infinity witli p. 

In order to prove tliis, consider tlie liomotopy cocartesian square of Z/2- 
spaces 



where the top liorizontal map is the projection from the disjoint union to 
the wedge. By this we mean that both the square and its restriction to the 
fixed points are homotopy cocartesian squares of spaces. For the statement 
on fixed points, simply notice that the fixed points of a disjoint union is a 
disjoint union of fixed points, and similarly for the wedge. Therefore the 
restriction of the square to the fixed points is of the same form, with a 
projection from disjoint union to wedge as top row, and therefore homotopy 
cocartesian. 

Notice that, for each space of the last diagram, every simplicial direction 
is 1-reduced since S^'^C = S^'^C = *. Therefore each of the spaces is at least 
2(p — l)-connected non-equivariantly. By the Blakers-Massey theorem (see 
e.g. |Goo92| 2.3]) the diagram above is (2 • 2{p — 1) — l)-homotopy cartesian, 
that is the map a^P^ is non equivariantly (4p — 3)-connected. 

We want to know the connectivity of the fixed points of each of the spaces 
in the diagram above to do another Blakers-Massey argument. The fixed 
points are the realization of the multisimplicial set obtained by subdividing 
every simplicial direction. Again since every simplicial direction is 1-reduced, 
every subdivided simplicial direction is 0-reduced. Therefore the fixed points 
of the realizations above are each at least {p — l)-connected. Again by 
Blakers-Massey, the map a^^^ is (2p — 3)-connected on the fixed points. 

Looping a(p) down by ^e get that (02,1)(p-i)q,(p), and a, 

is non-equivariantly {2p — l)-connected, and (p — 2)-connected on the fixed 
points. This behavior of connectivity with respect to equi variant loop spaces 
is a consequence of the equivariant Whitehead theorem. The connectivity 
of a^P^ on the fixed points is the connectivity of minus the 



\S^P'P{A;M)\ 



V 




\{ObS^'^)(p^VVA 
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dimension of the fixed points of p — 1 smash copies of S'^'^, which is p — 1. 



This general result of equivariant homotopy theory is proved later in 3.4.4 



This tends to infinity with p. □ 
2.4 The equivalence ObS^'^C — > iS^'^C 

We show that the realization of the real set defined by the objects of S^'^C 
is Z/2-equivalent to the simplicial category iSj'^C. The proof is a straight- 
forward generalization of [ DGM12[ 1-2.3.2] (see also |Wal85l 1.4.1]). In par- 
ticular this shows that the bottom horizontal map of the diagram of |2.3.1 is 
an equivalence. 

Suppose that C is an exact category with strict duality, and consider the 
simplicial set of objects ObS^'^C as a simplicial category with only identities. 

Proposition 2.4.1. The inclusion ObS^'^C — > iS^'^C induces a Z/2- 
equivalence on the realization. 

Proof. For a fixed k we build a retraction 

r: M2k+iiS^'^C M2k+iObS'^^^C ^ ObS^^C 

This is not going to be simplicial if we move fc, but it is simplicial in the 
S'f '^-direction. An element of J\f2k+i'iSj'^C is a sequence of isomorphisms 

1 tv 4''^^ V "^2^ 4>2k+l ^ X 

(p — (Ao > Ai > ■ ■ ■ > A2A;+lj 

We define the retraction r by mapping this element to 

Xk+i — > Xk+i — > • • • — > Xk+i 

Since we chose the middle object X^+i, the map r defines a map of real sets 

r: M2k+iiS^'^C M2k+iObS^^^C 

which is a retraction for the inclusion l: M2k+iObS^'^C — > M2k+i'i'Sj'^C . 
We find a simplicial homotopy 

H: M2k+iiS^'^C X A[l] ^ M2k+iiSj^^C 

commuting with the dualities, between l o r and the identity. Look at 
A2fc+iiS'2'^C = M2k+iiC as a category with duality, with natural trans- 
formations of diagrams as morphisms. Then L2 o r2 extends to a functor 
J^2k+iiC — > J^2k+i'iC in the obvious way, and there is a natural isomor- 
phism U : id =^ ^2 o ''2 given at an object (j) by the diagram 

't>l V <l>2 <Pk y 'Pk + l „ 't'k+2 „ </>fc+3 02^ + 1 „ 

Aq ^ Ai s- . . . s- Afc s- Afc+i s- Afc+2 • ■ • ^ -^2k+l 



4>k + l-- 


01 




4>k + l-- 


<j>2 




4>k + l 




Y 






1 






1 





fk+2 ^k+2--^2k+l 

Xk + l ^= Xk+l ^= ■ ■ ■ ^= Xk+1 ^= Xk+l ^= Xk+l ^= . . . ^= Xk + l 
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Clearly it respects the duality, in the sense that Uuff, o DUtf, = idx?^. 
As natural transformations do, it induces a functor U: M2k+iiC X [1] — > 
M2k+iiC. In simplicial degree p, we define the homotopy 

Hp: Af2k+iiS^''C X A[l]p^Af2k+iObS^''C 

by sending a pair {4>,cr: [p] — > [1]) to the element 

Cam, b]) Cam, \P]) X b] ^ ^f2k+l^C x [1] A Mk+iiC 

oiM2k+iiSp' C. Hereeui: Cai([2],[n]) [n] is the evaluation functor that 
sends 9 to ${1). For a = 0, the functor Hp{^, 0) sends 9 G Cat([2], [p]) to 

Hp{^,om = Ui^,0) = ii2or2)i^) = {iorme 

and for cr = 1 to 

H^%i){e) = u{±^,i)=^^ 

The homotopy H : M2k+iiS^'^C x A[l] — > J\f2k+iiS^'^C is simplicial (always 
for k fixed!), since for all k: [m] — > [n] we have 

K{evi{9)) = evi{K o 6) 

for all 9: [2] — > [m]. Moreover it is equivariant, in the sense that 

H{D^, a) = DH{^, a) 

We show this carefully. The left hand-side evaluated at 9 : [2] — > [n] gives 

H{D^,a){9) = U{{Dl)e,a{evi{9))) 

The right hand side gives 

DH{^,a){9) = DU{^,a{evr{9))) = U{D^^,a{n - ev,{9))) 

where the second equality follows from equivariancy of the natural transfor- 
mation U. But now 

n - evi{9) = n- 9{l) = n - {n - 9{2 - 1)) = ^(1) 

This shows that (S'c/t.)^: \ObS^'^C\ — > \N'2k+iiS^'^C\ is a levelwise equiv- 
ariant homotopy equivalence. Therefore its realization is an equivariant weak 
homotopy equivalence 

Sdi: \ObS^'^C\ \SdM.iS^'^C\ ^ \M.iS^'^C\ 

□ 



38 



2.5 The factorization of ^ through iVT^''^{A; M) 

In order to prove that the map ^ of |2.3.1| is an equivalence, we factor it 
through an intermediate real category with strict duality iT)T^'^{A; M). We 
prove in the next sections that each of the maps of the factorization is a 
Z / 2-equi valence. 

The simplicial category T^'^{A; M) has the same objects as SJ'^Va- Mor- 
phisms from X to X' are pairs of maps of diagrams 

(0: X ^X'J: X ^X'(^A M) 

with (f) a morphism in SJ'^Va and / a map of diagrams of right ^-modules. 
Composition is defined by 

(^,5)0 (,/.,/) = (V;o(/,,V'«) Mo/ + 50 0) 

where composition, sum and tensor products of maps of diagrams are defined 
objectwise. The identity of X is the pair (id, 0). 

We remark that there is a canonical bijection between the set of mor- 
phisms in T'^''^{A; M) from X to X' and 

homA^MiX ®aA\><M,X'(^aAk M) 

Composition as defined above corresponds to standard composition of mod- 
ule maps under this bijection. 

Now suppose that J: Lt ®a M — > Lf 0^ M is an M-twisting of an 
antistructure {A,L,a). For a map f:X — > X' 0aM, J{f): Dl{X') — > 
Dl{X) (^a M is the map of diagrams defined at a 6: [2] — > [n] by 

J{f)e = J{fr- X^^X^^A M) 

where we remember that 9 G Cat([2], [k]) is the dual given by 6{i) = k — 
9{2-i). 

We now define a duality structure {Dj,r]j) on T^'^{A; M). The functor 
Dj : r2'i(yl; M)°P — > T^''^{A; M) is defined by L»l on objects, and by 

Dj{(f>J) = {DL{(p)J{f)) 

on morphisms. The natural isomorphism rjj: id =^ D^j is defined at X by 
the pair 

r^j = {r^: X ^ Dl{X),Q: X ^ Dl{X) ®aM) 
Proposition 2.5.1. {T'^'^{A;M),Dj,rjj) is a real category. 
Proof. Functoriality of_Dj follows by functoriality of Dl and the two first 



properties of J from 2.2.6 The fact that rjj is a nat ural transformation 



id =^ -Dj follows from the third property of J from 2.2.6 Clearly {rjj)£)j(^^) o 
Dj{rjj) = id since a similar property is satisfied by rj and rjj is zero in the 
second component. □ 
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We want to identify S'^'^{A; M) as a subcategory of i'DTj^^{A; M). There 
is a natural isomorphism of categories with strict duahty 

S^^\A- M)^ ]J homA(y^, ^®aM) = S'^^^A; M) 
•fieObvs^'^VA 

were now the P functor is taken after the S^'^-construction. The isomor- 
phism is similar to the one from 1.5.12 An object of iT)T^'^{A; M) is a triple 
{X, Y, {4>, h)) with X, y G S'^^^Va and an isomorphism (cj), h):Y — > Dl{X) 
in TJ''^{A\ M), that is a pair of natural transformations 

(0: y A DL{X),h: Y Dl{X) ®a M) 

where (j) is an isomorphism. The objects of Sj'^{A; M) are those with 
/i = 0. It is not however a full subcategory. Indeed, a morphism in 
iDTj^^{A; M) from {X, Y, (</>, 0)) to (X', Y\ (0', 0)) is a pair of isomorphisms 
(a, /) : X — X' and 5) : F' — ^ Y in T^^^{A] M) satisfying certain prop- 
erties coming from composition. The category S'^'^{A] M) has only endomor- 
phisms, and the endomorphisms of (X, y, ((/), 0)) coming from Sj'^{A\ M) are 
exactly those where a and b are identities. This defines an inclusion 

S^'^{A; M) ^ 5.2'^ (A; M) ^ WT^'^{A; M) 

We now define a morphism of categories with duality {F, ^) : r^'"'^(A; M) — > 
S^'^VakM fitting into a commutative diagram 



S,''HA; M) iSf'^VVA^M = iVSf'^VA^ 



M 



A 



S^'HA; M) HVT^iA; M) 

giving the factorization of ^ we were after. The isomorphism in the top right 
corner is from 11.5.121 

Let F: T'^'^[A; M) — > iS^'^VaixM be the functor which sends an object 
X = {Xg} to the diagram 

F{X)e = F{Xe) = Xe ® Xe (S)a M 

It sends a morphism (</>, /) to the family of morphisms 

There is a natural isomorphism ^: FDj =^ F)j^jF defined at 9 by the iso- 
morphisms 

le = ix,: FDl{X.) D^jF^X^) 



of 2.2.4 The pair (-F, ^) defines a morphism of categories with duality, 
and it is easy to see that T){F, ^) extends 'J/ making the diagram above 
commutative. 
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2.6 The equivalence T^'^{A; M) — > S^'^Va^m 

We prove that the pair (F, ^) : T^'^{A; M) — > S^'^VakM from the previous 
section is in every simphci al deg ree an equivalence of categories with duahty 
in the sense of definition 1.2.2 As a consequence, the functor T){F,£^) is 
going to be levelwise an equivalence of categories with strict duality, and 
therefore it induces a Z/2-homotopy equivalence on the realization. 

We start by proving the result in simplicial degree 2. In this case we 
denote T2'^{A; M) = V{A; M). It has the same objects as Va and the pairs 
of module maps ((/>: P — ?■ Q, f : P — > Q <^a M) are the morphisms from 
P to Q. We denote 

{F,0 = (Full): V{A;M)^Va^m 
Proposition 2.6.1. The morphism of categories with duality 
{V{A;M),Dj,r^j) {Va^nuDlj,^") 
is an equivalence of categories with duality. 



Proof. By 1.2.5 it is enough to show that F is an equivalence of categories, 
and there is going to be automatically an inverse as a morphism of categories 
with duality. We prove equivalently that F is fully faithful and essentially 
surjective. 

It is faithful since if F((/),f) = F('ip,g), then there is an equality of 
matricies 

' (j) \ _ ( 

/ (1)0 M J ~ \ g '4j(^M 

and therefore clearly (p = ip and f = g. 

To show that F is full, let x '■ F{P) — > F{Q) be a map of right modules. 
Let xi and X2 denote respectively the Q and Q ®a ^ component. Thus x 
satisfies 

Xi (p • o, {m' - a) + p®m) = XiiPiP' ® ' 

X2{p ■ a,p' ® {m' ■ a) + p®m) = X2{p,p' ^ fn') • a + Xi{PiP' ® "t-O ® m 
Setting appropriately the variables to zero, one can easily see that 

1. xi(0,-) = 

2. xi(-,0) GhomA(P,Q) 

3- X2(0,p(8) m) = xi(p, 0) (g) m 
4. X2(-,0) GhomA(P,Q«)AM) 
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That is 



X 



xi(-,o) 
X2(-,0) xi(-,o) 



M 



i^(xi(-,0),X2(-,0)) 



To show that F is essentially surjective, we show equivalently that the 
isomorphic functor sending P to P ®a ^ k M is. More precisely, we show 
that every projective A K M-module K is (non canonically!) isomorphic to 



H{K) = {K' 



-)At<M 



A) 



Ak M 



Here is the argument from |DGM12| 1-2.5.5]. Denote p*{K ®AkM A) the 
A K M-module structure on K ®Ak.m A induced by p: A t< M — > A, that 
is defined by 

k ® a ■ (a', m) = k® [a ■ a) 

We see M as an ideal of j4 >< M by m i— )■ (m, 0). There are two short exact 
sequences of ^ k M-modules over p*{K ®akM A) 



K-M 



I 

K 



H{K) ■ M 



H{K) 



p*{K 0a^mA) 



-p*{K' 



A) 



Where 7r'(A;) = /c(g) 1 and 7r(/c (g) a' (g) (a, m)) = k0{a' -a). We denoted K-M 
the submodule of sums of elements of the form k ■ m for k G K and m G M, 
and similarly for H{K) ■ M. By projectivity of K, there is a lift e of tt' along 
TT. If we show that the cokernel of e satisfies cokere C cokere • M we would 
have 

coker e = coker e • M = coker e • M • M = 

showing that e is surjective. Decompose an element /c o' (g) (a, m) € H{K) 
as 

k® a! ® {a,m) = k ® a! ® {a,{)) + k ® a' ® (0, m) 
and notice that by commutativity of the diagram above 

■Ke{k ■ a a) = t[' {k ■ a a) = k ■ a a ®l = k® a a = TT{k a' (a, 0)) 

Therefore there is an element x G kervr = H{K) ■ M such that 

A: a' (g) (a, 0) = e{k ■ a a) + x 

Thus k® a' ® (a, m) decomposes as 

k a ® (a, m) = e{k ■ a a) -|- (x -|- /c (g a' g) (0, m)) 
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with X + k a' ^ {0,m) G H{K) ■ M. This shows that 

coker e C coker e • M 

and therefore e is surjective. Since H{K) is projective, one can choose a 
splitting u for e. The same kind of argument shows that coker v-M = coker i/, 
and therefore that coker = 0. This shows that e is an isomorphism. □ 

Using this last result, we prove that (F, ^) is an equivalence in higher 
simplicial degrees as well. 

Proposition 2.6.2. The map 

is an equivalence of categories with duality in every simplicial degree. 



Proof. Again by 1.2.5 it is enough to show that F is in each degree fully 
faithful and essentially surjective. The proof that F is fully faithful is com- 
pletely analogous to the one for F. 

The only point is to see that F is essentially surjective, and again we prove 
equivalently that - ^ x M is. By |HM12| . every diagram X € S^' VakM 
is isomorphic (non-canonically) to the diagram Y given by 

~ ^3 ker(Xj_i<j+j_i<j+j — > Xj<j+j_i<j+j) 

p=(onJ2'=-»-j+i)er(e) 

where r{6) is the set of retractions for the map 9: [2] — > [k]. The maps 
of Y are inclusions and projections of the direct summands. Therefore it is 

2 1 

enough to find a diagram in 5"^' Va whose image is isomorphic to Y. Denote 
the kernel above corresponding to a retraction p by Kp. Each of these Kp is a 
finitely generated projective A x M-module, and by the previous proposition 
there exist some isomorphism 

ep : Kp ^ Kp <^At<M A(^AAt<M 

2 1 

Then the diagram Y 0AkAI A £ Sf^' Va is sent by the functor to Y ®AkM 
A ®A A X and the isomorphisms ep provide a natural isomorphism 

Ye = 0per(e) Kp ^ 0per(9) Kp ®akM A®aAkM 

I 
I 

Y 

Ye ®Akm A®aAkM = (©^^^(e) Kp) ^axm A ®a Ax 

a 
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2.7 The equivalence S'^'\A; M) — > iVT^'\A; M) 
Recall that we denote 

M)= W homA(</^, ^®aM)^ S^^\A- M) 



The following will finish the proof of 2.3.1 



Proposition 2.7.1. The inclusion functor 

S^'^{A;M) — > iVT^'\A;M) 

induces a Ij/ 2- equivalence on realizations. 

We prove this by factoring the inclusion through the full subcategory 
iVTj^^{A; Mf oiiVTj'^{A; M) on the objects of M), i.e. the objects 

of the form (X,y, ((/.,b)). 

Lemma 2.7.2. The inclusion l: iI)T^''^{A; M)^ — > iT>T^'^{A;M) induces 
a 7j/ 2- equivalence on geometric realizations. 

Proof. We denote D = D^. The inclusion functor t is an equivalence of 
categories. Indeed, it is fully faithful as inclusion of a full subcategory. It is 
essentially surjective for the following reason. A morphism in i'DT^'^{A; M) 
from {X, Y, {(j), h)) to {X' , Y' , ((/>', h')) is the data of isomorphisms a: X — > 
X' and h: Y' — > Y represented in the commutative diagram 

D{X) ®A M D{X') ®A M 



Y 



D{X) 



Y' 



D{X') 



D{a) 

together with two maps / : X — > X' and g : Y' — > Y^a^ satisfying 

{(t)®M)og + hob = {D{a) (g)M)oh' + J{f) o 4)' 
as maps Y' — > D{X) ®a We define an isomorphism 

«(0,?t): — > {4>,h) 
for every object {X, Y, {(p, h)) of iDT'^''^ {A; M), by the diagram 



D{X) 



M 



Y 



id 



D{X)(^aM 

h 

Y 



D{X) 



Z)(id) 



D{X) 
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with the maps 



{Hf = 0,Kg = {(/) ^ (g) M) o h) 



One can check that this is indeed a morphism in iT)T^'^{A; M), and therefore 
i is essentially surjective. 

Since t is an equivalence of categories, and it commutes strictly with the 



dualities, the pair (/., id) is an equivalence of categories with duality by 1.2.5 
Notice though that even if the dualities are strict, the inverse 

r: iVT^^^{A;M) — > WT^^^ {A; M)^ 

does not need to commute strictly with the duality. Indeed in this case it does 
not, since the isomorphism k above does not satisfy KD{cf),h) — ^'^{(p,h) 
general. In order to obtain a strictly duality preserving inverse one needs to 
apply T> (again), to get a commutative diagram of strictly duality preserving 
functors 

V{WT^'\A; M)0) T " V{iVT^'^ {A; M)) 

V{r) A 



WTf^\A;Mf 



WTf'^{A;M) 



where now the top row induces mutually inverse Z/2-homotopy equivalences 
on the realization. The vertical maps also induce Z/2-equivalences on the 
realization by [1.4. 8 and so l does as well. □ 



Lemma 2.7.3. The inclusion functor 

S^'\A;M) iVTy{A;Mf 
induces a Ij/ 2- equivalence on the realization. 



Proof. This proof has exactly the same structure as 2.4 above, but with more 
data to keep track of. 

We want to show that the inclusion l induces a levelwise equivalence on 
the nerve, by moving the S'^'^-simplicial direction. For k fixed, an element 
in the nerve J\fki'DT'^'^{A; M)^ is a commutative diagram (0, f ,g) in SJ'^Va 
of the form 



Yo®aM 



Yk-2®AM 
A 



Yk- 



Yk-i®AM 



-D{Xi)^ 
D{Xo)®aM 



— D{Xk-i] 

Y 

D{Xk-2)(^AM 



D(ak) 



-Yk 
't>k 

Y 

D{Xk) 
D{Xk-i)(S)AM 
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with 

M)og' = J{f) o^i-.Yi^ D{Xi^i) (^a M 

for all i. 

The idea is that since all the horizontal maps are isomorphisms, we can 
retract all the data on one column. However, if we want to do this equivari- 
antly we need to work on the subdivision, and retract to the middle column. 
We define a map 

r: M2k+i^Ty{A-Mf ^ M2k+iSy {A- M) 



U homA((^,(^«)yiM)®2'=+i 

that takes {(f),f,g) to the element of hom.A{(pk+i:'^k+i '^A M)®^'^"'"^ with 
components i = 1, . . . , k + 1 given by 



(ibi...bk+i)-^(S>M)g%+i...bk+i 



■/(((«fe+i---ai+i)®M)/»(afe+i...aj)~i) 

and components i = k + 2, . . . ,2k + 1 



Yk+i ®A M 

1 

^ D{Xk+i) ®A M 



Yk+i 



J{({ai...ak+2) ^8)M)/*ai_i...afc+2) 



Yk+i ®A M 

1 

D{Xk+i)^AM 



This is not simplicial in the k direction. However, for k fixed it is simpli- 
cial in the 5^ '^-direction. The composite r o 6 is clearly the identity. In order 
to define a homotopy between tor and the identity, consider the equivariant 
natural isomorphism U in the category of diagrams J\f2k+i'^0^A) from 



Qo 



D{Po) 



bi 



Qi 



DiPi) 



D{ai) 

to the constant diagram 

Qk+l ^=^= Qk+1 



— Q2k 

4>2k 
D{P2k] 



02k+\ 



4>2k + l 



0fc+i 
D{Pk+i) 



4>k+i 
-- D{Pk+i) 



= Qk+l 

<l>k+i 



Qk+l 



4>k+i 

-- DiPk+i) 
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In the i-th column it is given by the pair (a^+i . . . Oj+i, . . . for 
i < fc + 1, and by ((a^ . . . ■ ■ - bi) for k + I < i. This induces 

a functor U: M2k+i^^A) x [1] — > A/2fc+i^(^A)- Now define a simphcial 
homotopy 

H: M2k+ii1^T^'\A;Mf x A[l] ^ M2k+ii1^T^'\A; M)"" 
by sending ((^, /, 5), cr) in degree n to the diagram 

Cam, N) C'«*([2], [n]) x [n] ^ Ar2it+iP(7'A) x [1] A M2k+iV{VA) 

together with the maps 

Hgi{e,a)=l {{{bi...bk+i)-^^M)g%+^...bk+i)e a(0(l)) = l and i<fc+l 
[ i{bk+2.-.bi-i)^M)g^{bk+2-.-bi)g^ a(0(l)) = l and fc+Ki 

and similarly for Hp{6,a). Here eui : Cat([2], [n]) — > [n\ sends ^ to 0(1). 
The homotopy is simplicial since for all n : [m\ — > [n] we have 

K{evi{9)) = evi{n o 6) 

for all 9: [2] — > [m\. Moreover it is equivariant, in the sense that 

H{D{lJ_,g),a) = D{H{^,f_,g,a)) 

We show this carefully. Denote Z = i(p,f,g)- The left hand side at the 
object 6: [2] — > [n] is 

H{D{Z),a)e = U{D{Z)e,a{evi{e))) 

The right hand-side is 

D{H{Z,a))e = D{U{Z^,a{evi{m) = U{D{Zg),a{n ~ evi{e))) 

where the second equality follows from the equivariancy of the natural trans- 
formation U. But now 

n - evi{e) =n- e{l) = n - (n - 0(2 - 1)) = 6(1) 

□ 
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3 Review of THH and definition of THR 

Given an abelian group A and a simplicial set X we denote A[X] the sim- 
plicial abelian group which in degree k is the ^-hnear combinations of the 
points in 

A[X]k = A[Xk] = ^ . X 

When X is pointed, we denote A{X) = A[X]/A ■ *. 

We will be particularly interested in the case where X is the i-th simplicial 
sphere 

5* = 5^ A • • • A 5^ {i times) 

Here is the simplicial circle = A[1]/(9A[1]. We note that in this case 
A(S^) is the i-iterated Bar construction on A. 

3.1 Bimodules over categories enriched in symmetric spectra 

We denote Sp^ the symmetric monoidal category of symmetric ring spectra. 
We refer to |Sch07j and |HSSOO| for general facts about Sp^, e.g. for the 
smash product. The input for THH is a category C enriched in Sp^, together 
with a "bimodule over C". This approach is completely analogous to THH 
for bimodules over ring functors as defined in [ DM96) . 

Given two objects c and d of a category C enriched in Sp^, we denote 
C(c, d) the symmetric spectrum of morphisms from c to d, and C(c, d)i it's i-th 
space, for every natural number i. If C and C are two categories enriched in 
Sp^, we denote C AC' the category enriched in Sp^ with objects ObC x ObC 
and morphism spectra 

(C A C')((c, c'), {d, d')) = C{c, d) A C'{c', d!) 

Definition 3.1.1. A bimodule structure on C is an enriched functor 
M-.C'P AC — > Sp^. The left action map I is defined by the diagram 

C(d, e) AM{c, d) ^ ^ M{c, e) 



Y 

S AC(d,e) A7W(c,d) Sp^{M{c,d),M{c,e)) A M{c,d) 

idc ^C{d,e)^M {c,d) MAM {c,d) 

Y 

C(c, c) AC{d,e) AM{c,d) homcop;^c{{c, d), (c, e)) A M{c, d) 

It is determined by the maps /: C{d,e)i AM.{c,d)j — >• Ai{c,e)i+j defined 

by 

l{fAm)=M{id,Af){m) 
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and denoted /(/Am) = f-m. The right action map r: M.{d, e) AC(c, d) 
M. (c, e) is defined by 



M{d, e) AC(c, d) 



M{c, e) 



M{d, e)ASp^{M{d, e),M{c, e)) 
M{d, e) A homc°PAc((c^, e), (c, e)) 



e) A C(c,ci) AS 

M{d,e) AC {c,d) Aide 

M{d,e) AC(c, d) AC(e,e) = 

and we denote its components by 

r{m A g) = m ■ g = M.{g A ide)(m) 

Notice that since Ai preserve composition, the right and the left action 
satisfy the following compatibility condition 

C{d, /) AM{e, d) A C{c, ef^^^'C(d, /) A M{c, d) 



■MicJ) 



lAC{c,e) 

M{e,f)AC{c,e) 

Example 3.1.2. The very first example of a bimodule over a category C 
enriched in Sp^ is the Hom-functor C"p A C — > Sp^ which sends a pair of 
objects (c, d) to the morphism spectrum C{c, d). 

We will mostly be concerned with the following class of linear examples. 

Example 3.1.3. Let C be a category enriched in abelian groups. Com- 
posing with the Eilenberg-MacLane functor H : Ah — > Sp^, we obtain an 
enrichment in Sp^. More precisely, define a category HC with same objects 
as C, and with morphisms spectra HC{c, d) having i-th space HC{c, d)i the 
realization of 

C{c,d) ^Z{S') ^ C{c,d){S') 

The symmetric action is given by permutation of the smash components of 
S\ 

A bimodule on C is an enriched functor M : C°^®C — > Ah, where C°^® 
C has objects OhC x OhC and morphism abelian groups C°p{c, d) ®C{c! , d'). 
It induces a bimodule HM over HC defined by the spectra HM{c, d) with 
i-th space 

M{c,d)^Z{S') ^ M{c,d){S') 

If ^ is a ring, and M a bimodule over A, the functor M : V°J®Va — > Ah 
defined by the abelian group of right module homomorphisms 

M(P, Q) = homyi(P, Q ®A M) 

is a bimodule over the category Va^ and HM is a bimodule over HVa- 
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Definition 3.1.4. Let A4 and Ai' be two bimodules on C and C respec- 
tively. A morphism of bimodules is a pair (F,^): {C,Ai) — > {C',A4') 
of an enriched functor F : C — > C and an enriched natural transformation 
M' o{F°P AF). 

Remark 3.1.5. We remember (see e.g. |Kel05j ) that an enriched natural 
transformation U: G ^ G' between enriched functors G,G' : C — > Sp^ 
consists of maps of spectra 

C/e: S^5p^(G(c),G'(c)), 

one for every object c G C, satisfying a certain naturality condition. The 
map Uc is determined by an element of the 0-th space of the mapping spec- 
trum Sp^{G{c),G'{c)), that is, a map of spectra Uc'. G{c) — > G'{c), and 
naturality for U is commutativity of 

C(c, d) Sp^iGc, Gd) 



G' 



Sp^iG'c, G'd) —^^ Sp^iGc, G'd) 

UcO( — ) 

in Sp^. We refer to the maps Uc - G{c) — > G'{c) as an enriched natural 
transformation. 

In our specific case, <I> : M' o (^F°P A F) consists of maps of spectra 

^{c,d) ■ -^(c, d) — > M'{Fc, Fd), and naturality of $ is commutativity of the 
diagram 

C{d, e) A Mic, d) ^ Mic, e) 



FA* 



C'{Fd, Fe) A M'{Fc, Fd) — ^ M'{Fc, Fe) 

The situation for the right actions is completely similar. 

Categories enriched in Sp^ with bimodules together with morphism of 
bimodules define a category, and THH is going to be a functor from this 
category to spaces. 



3.2 The dihedral category of finite sets and injective maps 

The functors THH and THR are defined in terms of homotopy colimits of 
functors over a certain dihedral category /[— ], first introduced by Bokstedt 
in |Bok86j . We recall the definition of a cyclic object in the sense of Connes, 
and of a dihedral object. We refer to |Lod92| §6.1-6.3] for further details. 
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Definition 3.2.1. A cyclic object in a category D is a simplicial object 
E[-] : A°P — >V together with maps tk -Elk] — > E[k] with = id, and 
compatible with the simplicial structure in the following way. 

ditk = tk^idi^i <l <k 
dotk = dk 

sitk = tk-isi^i <l <k 



A dihedral structure on a cyclic object E[—] is a family of maps 

k 



ujk- E[k] — > E[k] satisfying uj'^ = id and compatible with the cyclic struc- 



ture in the following way, 

d/Wfc = LOk-idk-i <l <k 
siUJk = uJk+iSk-i 0<l<k 

Notice that a dihedral object is a cyclic object with the additional struc- 



ture of a real object as defined in 1.4.1 with a certain compatibility condition. 



We will mostly be interested in cyclic and dihedral objects in the categories 
of spaces and categories. We refer to these respectively as cyclic/dihedral 
spaces and cyclic/dihedral categories. The geometric realizations of a cyclic 
space and a cyclic category carry a natural S^-action, see [ Lod921 7.1.4]. In 
the dihedral case, this action is compatible with the Z/2-action induced by 
the real structure, in the sense that it intertwines into a 0(2) = Z/2 xi 5^- 
action. 

The index category / has the natural numbers as objects, and the set of 
morphisms from i to j consists of all injective maps 

a: — > {1, . . . ,i} 

The empty set is an initial object of /. 

The category / has a strict monoidal structure +: I x I — > I sending a 
pair of objects (i, j) to i + j and maps a: i — > i' , (3: j — > f to 



{a + P){s) 



a{s) I < s < i 

(3{s-i) + i' i + 1 < s <j 



Also, every object j has a canonical involution oj^ : j — > j defined by 

LO^ {s) = j — S + 1 

This induces an endofunctor u : I — > I which is the identity on objects, 
and conjugation on morphisms. A morphism a: i — > j is mapped to a'^ = 
uj^auj\ Notice that (a + = (3^^ + 

The monoidal structure allows us to define the cyclic bar construction of 
/. This is the simplicial category I[— ] given in degree k by the k + 1-fold 
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cartesian product I[k\ = I^^^, with faces di : I[k] — > I[k — 1] and degeneracy 
Sj : I[k] — > I[k + 1] functors given on objects by 



di{io, ■ ■ .,ik) 



(io, . . . , + ii+i, ■■.,ik) 0<l <k 

{ik + 'io,h,---,-ik-i) i = k 



si{io, ... ,ik) = {io, ■ ... ,ik) <l < k 

and similarly on morphisms. These functors satisfy the standard simplicial 
identities. In addition, the functors tk- I[k] — > I[k], defined on objects by 
cyclic permutation 

tki^o, ■ ■ ■ ,ik) = {ik, io, - ■ ■ ■, h-i)-, 

give /[— ] the structure of a cyclic category. The involution on /, induces 
functors ujk ■ I[k] — > I[k] defined on an object i= (io, . . . , ifc) by 

Wfc(io, . . . , ifc) = («o, ik, ik-i, ■■■,k) 
and mapping a (A; + l)-tuple of maps {oq, . . . , a^) to 

uJk[ao, ...,ak) = (ao>"fc)afc-i) •••,«!) 

The cyclic category /[— ] equipped with these extra maps defines a dihedral 
category. 

It is going to be useful to describe the fixed points of the involution on 
/[— ]. Let G = Z/2. If 2? is a category with involution w: D — > T>, we 
denote by T?^ it's fixed point category, that is the subcategory of P whose 
objects and morphisms are (strictly) fixed by the involution. In the case of /, 
its fixed point category has objects the natural numbers and morphisms 
the equivariant maps, a: i — > j satisfying a"^ = a. 

Proposition 3.2.2. The functor l'^ x l'' x /"^ — > I[2k + l]^ that sends 
(ao, ■ ■ .,ak+i) to 

,...,afc,afc+i,afc,afc_i,...,aij 

is an isomorphism of categories, with inverse the projection onto the first 
k + 2 components. 

3.3 Topological Hochschild homology 

We recall the definition of Bokstedt's functor THH. For details one can see 
|DM96| or |DGM12| . and |Mad94) for a nice survey. Let C be a category 
enriched in Sp^ and Jvl : A C — > Sp^ a bimodule over C. Given an 
object i = (zq, . . . G I[k], we denote by V{C; the pointed space 

V{C;M,i) = \/ M{co,Ck)io AC(ci,co)ji AC(c2,ci)j2 A ••• AC{ck,Ck-i)i,^ 
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where the wedge runs over (k + l)-tuples of objects cq, . . . , of C. Inserting 
an identity of C after the i;-factor, induces a map 

sr. ViC;M,i) ^V{C;M,sii) 

for all < A;. Similarly, there are maps 

dr. V{C;M,i) V{C;M,dii) 

defined as follows. For 1 < / < A; — 1, they are induced by composition in C 
of the ii and i^+i smash factor. The map do is defined by the right action 
map of the bimodule on the zq and ii factors. The map d^ is given by the 
left action map on the ij. and iq factors. More precisely, it is the composition 

y M{co,Ck)io AC(ci,Co)ii A • • • A C{ck,Ck-i)i^ 
\JC{ck, Ck-i)i^ A M{co, Ck)io A C(ci, Co)ii A • • • A C(cfc-i, Ck-2)ik-i 

/Aid A---Aid 

VX(co,Cfc_i)ij^+j,) AC(ci,Co)ji A ••• AC{ck~-l,Ck-2)ik-i 

of the canonical isomorphism permuting the smash factor, and of the {ik,io)- 
component of the left module structure map. When = C is the Hom- 
bimodule, cyclic permutation of the smash factor induces a map 

tk-. V{C;C,i) ^V{C;C,tki) 

For every natural number k, define a functor ^fc(C;A^): I[k] — > Top^ 
by sending i = {iq, . . . , i^) to the pointed mapping space 

gk{C;Mm = Map, (5^0 A ■ ■ ■ A S'\V{C;M,i)) 

On morphisms, this functor is defined using the structure maps of the mor- 
phisms spectra. We refer to |.DGM12^ IV-1.2.1] for the details. We denote 
the homotopy colimit of this functor by 

TRRk{C;M) = hocolimgfc(C; 

i[k] 

Composition with the maps di ,si and t above induce natural transformations 

dr. gk{C;M) ^gk-i{C;M)odi 
sr. gk{C;M) ^gk+i{C;M)osi 
tk- gk{C;C) — > gk{C;C) o tk 
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These natural transformation followed by the natural maps on homotopy 
colimits induce maps 

di : THHfc(C; M) hocolimj[fc] Qk-iiC; M) o di ^ THHfc_i(C; M) 
sr. THHfc(C;A^) hocolimj^k] Qk+i{C; M) o si THHfc+i(C;M) 
tk-. THHfc(C;C) hocolimj[fc] gk{C;C) o tk THHfc(C;C) 

The maps di and si make [k] i— t- THHfc(C; A^) into a simplicial space. When 
= C is the Hom-bimodulc, the maps tk make [k] t-> THHfc(C;C) into a 
cyclic space. Therefore it's realization has a natural 5^-action. 

Definition 3.3.1. Let C be a category enriched in symmetric spectra and 
Ai a bimodule over C. The topological Hochschild homology of C with 
coefficients in M is the topological space defined as the fat geometric 
realization 

THH(C;M) = \[k] ^ Tmik{C;M)\ 

The topological Hochschild homology of C (with coefficients in C) is 

the S^-space defined as the geometric realization 

THH(C) = |[A;] ^ THHfc(C;C)| 

A map of bimodules {F, $) : (C, M) — > (C, M') induces in the obvious 
way maps V{C;M,i) — > V{C';M',i), and hence maps THHk{C;M) — > 
THHk{C'; A4') compatible with the simplicial structure. All in all, a mor- 
phism (F, $) induces 

{F, : THH(C; M) THH(C'; M') 

This map is 5^-equivariant when M. = C and M' = C . 

3.4 Basic equivairiant homotopy theory 

Here is a quick review of basic notion of Z/2-equivariant homotopy theory, 
mainly to fix some terminology. We denote G = Z/2. 

Definition 3.4.1. Let u = (1^1,^2) be a pair of integers, and X a G-space. 

We say that X is //-connected if it is z^i-conncctcd as a non-equivariant 
space, and the fixed points space X^ is f2-connected. 

A G-equivariant map / : X — > Y is z^-connected if it is i^i-connected as a 
map of topological spaces, and its restriction to the fixed points f*^ : X^ — > 

is z/2-connected; we remember that a map of spaces is n-connected if its 
homotopy fiber is (n — l)-connected, that is if the first n — \ homotopy groups 
are trivial. 

Definition 3.4.2. A G-CW-complex is a CW-complex X together with 
a G-action via cellular maps such that X^ is a subcomplex of X. 
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The dimension of a G-CW-complex X is the pair of natural number 
dimcX = (dim X, dim X*^) 
given by the dimensions of X and X^ as CW-complexes. 

We denote [X, Y\g the set of based G-homotopy classes of based G-maps 
between X and Y . 

Theorem 3.4.3 (G- Whitehead theorem. PdaSil 2.7], |May961 3.4]). 

Let /: X — 7- Y he a u-connected based map of G- CW-complexes. Then for 
all G-CW-complex K, the induced map 

[K,X]g [K,Y]g 

is a bijection if dime K < v, and a surjection if dime K < v. 

We denote Ma.p^{X,Y)^ the space of based G-maps with the compactly 
generated compact-open topology. This is equal to the fixed points of the 
mapping space Map^(X, y) with conjugation action. 

Corollary 3.4.4. Let f : X — > Y be a u-connected based map of G-CW- 
complexes. Then for all G-CW-complex K, the induced map 

{f,f: M8.p,{K,X f Map,{K,Yf 

is min{vi — dmiK, V2 — dim K^}-connected. 

Proof Consider the natural bijection 

Trk{Map,{K,Xf) = [S\Map,{K, Xf] = [S\Map,{K, X)]g = [S>' /\ K, X]g 

where the second equality holds because has trivial action, and A K 
has diagonal action. Under this bijection, our map corresponds to 

[S''AK,X]g [S''AK,Y]g 

of the G- Whitehead theorem, which is a bijection for dimG'(S^ A K) < v and 
a surjection for dimG(5^ A K) < u. But now, 

dimG(5'= AK) = {k,k) + dimG(i^) 

and therefore iikiff) an isomorphism for 

k < min{h' — dimG^K)} = min{vi — dim 1^2 — dimi^'*^} 

and surjective for k < min{i'i — dimi^, V2 — dimX'^}. □ 
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For V a G-representation, we denote 5^ its one point compactification 
with induced G-action, and X = Map^(S'^,X) the mapping space with 
conjugation action. For a space Y, we denote Conn(y) the biggest integer 
k such that Y is /c-connected. 

Theorem 3.4.5 (G-suspension theorem, |Ada84| 3.3]. |ShalO[ 2.11]). The 

map 

fi: X ^n^{S^ AX) 
adjoint to the identity of A X is 

v={2 Conn(X) + 1, min{Conn(X), 2 Conn(X'^) + 1}) 

connected. 

Corollary 3.4.6. Let X and Y he two G-CW-complexes, and V a represen- 
tation of G. Then the map 

{-)AS^: Map,(X,y)^ ^ Map,(X A 5^, Y A 5^)^ 

that sends an equivariant map f to f A has connectivity 

min{2 Conn(y) - dim(X) + 1, Conn(y) - dim(X'^), 2 Conn(F^) - dim(X'^) + 1} 

Proof. Notice that there is a commutative diagram 

Map,{X, Yf^^^Map,{X A ,Y A S^f 

(-)o^t 

Map,{X,n^{YAS'')f 
where the connectivity of fi is given by the G-suspension theorem. Com- 



puting the connectivity of (— ) o ^ using corollary 3.4.4 gives the formula 



above. □ 

We finish this section by describing how to construct a G = Z/2-action 
on wedges and products of G-spaces. 

Suppose that {Xx}\eA is a family of based spaces indexed over a finite 
set A with involution uj: A — > A, and suppose that there are based maps 
Dx: Xx — > X^x satisfying D^x ° Dx = idx^- The wedge VasA-'^a admits 
a G-action described as follows. Let (x. A) be an element of the wedge, 
indicating that x belongs to the A-component of the wedge. Then the action 
sends (x, A) to 

D{x,X) = {Dxx,ujX) 

Similarly, there is an action on the product riAeA^^Aj sending a sequence 
x = {xx} to the sequence Dx with A-component 

{Dx)x = D^xXcoX G X^2x = Xx 
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The inclusion VagA ■^>^ — ^ TIasA -^^^ equivariant with respect to these 
actions, and we want to know how connected this map is on the fixed points. 
Notice that if A G A'^ is a fixed point, the map D\ defines a G- action on Xx- 
The fixed points of the wedge are then 

( V ^a)^ = V (^a)^ 
AeA AeAC 

The description of the fixed points of the product is shghtly more involved. 
For every "free element" A G A\A^, chose one representative of its orbit. 
Denote the set of these representatives by Aj. Then the fixed points of the 
product are 

AeA AeAC AeA/ 

Notice that for different choices of representatives, the map D\ : Xx — > X^^x 
is a homeomorphism. Under these identification, the map \/ xeA -^^^ — ^ 
Xx on the fixed points is the inclusion in the first factor 

v {Xxf ( n (^a)^) X n 

AeA<3 AeAG AeA/ 

In particular, this gives the following description for the connectivity of the 
inclusion. 

Proposition 3.4.7. Suppose that every space Xx is n-connected, and that 
for A G A'-' the fixed points space X^ is m-connected. Then the inclusion 

\l Xx^WXx 

AeA AeA 

is (2n + 1, min{n, 2m + l})-connected 

Proof. By the Blakers-Massey's theorem, (see e.g. |Goo92| 2.3]), the inclu- 
sion of wedges into products is non-equivariantly (2n-|- 1) -connected. On the 
fixed points, we factor the inclusion as composition of the two inclusions 

V (^a)^ ^ n (^a)^ ^ ( n (^a)^) X n ^a 

AeAG AeAG AeAG AeA/ 

The first map is (2m -|- l)-connected as inclusion of wedges into products of 
m-connected spaces again by Blakers-Massey. The second one is as connected 
as nAeA/ -^x that is n. □ 

As a consequence, we have the following useful result. If IT is a G-space, 
and {Xx} is a family of spaces as above, one can consider the family of 
mapping spaces {Map^(i^, Xa)} with maps 

Dx: Map,iK,Xx) ^Map,iK,X^x) 
defined by conjugation, Dx{f){x) = Dx{f{Dk)). 
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Corollary 3.4.8. The canonical homeomorphism 

II Map,{K,Xx) Map,{K, J] Xx) 
AeA AeA 

is G-equivariant, when the target is equipped with conjugation action. 
If K is a G-CW complex, the canonical map 

\J M8.p,{K,Xx) Map,{K, \J Xx) 
AeA AeA 

is non-equivariantly (2(ConnX;^ — diuiK) + \)- connected, and 
min{ConnXA - dimK, 2(ConnXf - dimi^'^) + 1} 
connected on fixed points. 

Proof. It is easy to check that the canonical isomorphism is equivariant. For 
the statement about the wedge, consider the commutative diagram 



Map,(i^,VAeA^A) 



VAeAMap,(i^,XA) 



riAeA Map, {K, Xx) Map, {K, J] AeA ^a) 

The spaces Map,(Er, Xx) are non equivariantly (Conn Xa— dim /C)-connected, 
and when A is fixed by the involution its fixed points are (ConnX^ — 
dim i^'^)-connected by 3.4.4 Thus the left vertical map is non-equivariantly 
(2(ConnXA — dimiC) + l)-connected, and 



min{ConnXA - dimK, 2(ConnXf - dim ivT^) + 1} 



connected on the fixed points by 3.4.7 The connectivity of the right vertical 



map is by 3.4.4 the connectivity of the inclusion of wedges into product minus 



the dimension of K. This is by 3.4.7 



(2 Conn Xx + 1, min{Conn Xx, 2 Conn + 1}) - dime K 
Thus the non equivariant connectivity of the map we are interested in is 

2(ConnXA -dimK) + 1 
and its connectivity on the fixed points is 

min{ConnXA - dimK, 2(ConnXf - dimi^*^) + 1} 



□ 
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3.5 Real topological Hochschild homology 



The following is a version with coefficients of the definition of THR(C) of 
|HM12| . It uses the dihedral structure on /[— ] to obtain extra structure on 
THH. 

Definition 3.5.1. Let C be a category enriched in Sp^. A strict duality 

on C is an enriched functor D : — > C such that D o D°P = idc- 

Functoriality of D means that for each pair i,j of natural numbers the 
diagram of spaces commutes 



C(c, d)iAC{d,e) 



DAD 



C{Dd, Dc)^ AC{De,Dd)j 



C{d,e)j AC{c,d)i 



C{c, e) 



C(c, e] 



i+j 



D 



■C{De,Dc)i+j 



Here Xi,j is the permutation of Sj+j that interchanges the first i with the 
last J elements 

Xi,j{s) = 

From now on we will take all the dualities to be strict. 



s + j if 1 < s < i 
s — i ifi + l<s<j 



Example 3.5.2. Suppose that a category C enriched in abelian groups has 
an additive duality D : — > C. It induces a duality D on HC by the 

D&d 



maps C{c,d) (g) Z{S') 
D{f)®x. 



C{D{d),D{c)) (g) Z(S") which sends f (g) x to 



We want to define an involution on THH(C;A^), provided has an 
involution as defined below. First we note that if D : — > C is a duality 
on C, there is an endofunctor of A C given by 



op ^ r C A ^ 



C°P AC 



where 7 is the natural twist isomorphism. 



Definition 3.5.3. A duality on a bimodule M : C"P A C — > Sp^ is an 

enriched natural transformation J : Ai ^ Ai o Dry such that the composite 



M{c,d) -^M{Dd,Dc) 
equals the identity. 



Jod.. 



M{DDc,DDd) =M{c,d) 
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Notice that by naturality of J, the diagram 

C{d, e) A M{c, d) C{De, Dd) AM{Dd, Dc) 

7 

I M{Dd,Dc) AC{De,Dd) 

r 

Y Y 

M{c, e) ^MiDe, Dc) 

commutes. 

Example 3.5.4. In the case of the Hom-bimodule M =C, the duality itself 
defines a bimodule duality 

C{c,d) ^C{Dd,Dc) 

Example 3.5.5. Suppose that M: (X" C — > Ab is a bimodule over an 
yl5-enriched category with additive duality {C,D). A duality on M is an 
enriched natural transformation J : M M o Dj such that J o J = id. It 
induces a duality on the bimodule HM : HC°p A HC — > Sp^ via the maps 

M(c, d) Z{S') M{D{d),D{c)) ® ■L{S') 

We now proceed in defining a Z/2 action on THH. The dualities on C 
and M. induce maps 

ujk-. V{C-MA) V{C;M,Uki) 

for i&I[k] by 

V{C;M,i) 

y M{co, Ck)io A C(ci, co)ii A • • • A C(cfc, Ck-i)if, 
y M{co, Ck)io AC{ck, Ck-i)ik A • • • A C(ci, Co)n 

Wig A---AWij 

y M{co, Ck)io /\C{ck, Ck-i)if, A • • • A C(ci, co)ii 

JADA-AD 

yM{Dck, Dco)io ^ C{Dck-i,Dck)i^ A • • • A C{Dcq, Dci)i^ 
F(C;7W,(io,ifc,...,ii)) 
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The first map is the natural isomorphism permuting the smash factors, and 
LOi denotes the involution induced by the symmetric structure of the spectra 
of the permutation oji G that reverses the order of the elements. Denoting 
S- = A ■ ■ ■ A S^'' , this induces a map 

Map,iS\V{C;M,i)) Map,(S"'=\ y(C;A^,a;fci)) 
by sending a / G Map^(5'^ V{C;M,i)) to 



A 5''* A • • • A S'^ 
A A • • • A S'^ 



5*0 A A • • • A 5'* 



ViC;M,u;ki) 



ViC;M,i) 



Here uii : 5' — > 5' denotes the permutation that reverses the order of the 5^- 
smash factors. This gives a natural transformation ^fc(C; A4) — > Qk{C] M)o 
uJk, and taking homotopy colimits a map 



Wfe: THHfc(C;A^) — > hocolimgfc(C; A^) o aJfe — > THHfc(C;A^) 

i[k] 

These structure maps together with the simplicial maps described earlier 



define a real structure (see 1.4.1 ) on the simplicial space [k] i— >• THHfc(C; Ai), 
and a dihedral structure on [k] i— )• THHfc(C; C). We denote the /c-simplicies of 
this spaces together with their involution by THR^.(C;7W) and THRfc(C;C) 
respectively. 

Recall that the realization of a real space X with levelwise involution oj 
has an involution defined by 

[Xk, {to, . ■ . ,tfc)] I — > [w(xfc), {tk, . . . ,to)] 

Definition 3.5.6. The real topological Hochschild homology of (C, D) 
with coefficients in {M, J) is the Z/2-space defined as the realization of 
the real space 

TBR{C;M) = \ [k] ^ TRRk{C;M)\ 

The real topological Hochschild homology of {C,D) is the Z/2 xi 5^- 

space defined as the realization of the dihedral space 



THR(C) 



^THRfc(C;C)| 



We now restrict attention to a class of categories with duality and bi- 
modules for which the homotopy colimit defining THR behaves nicely. First 
we recall the non-equivariant condition. 
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Definition 3.5.7. Let C be a category enriched in SjP. We say that C is 
0-connected if 



i) The spaces C{c,d)i are (i — 1) -connected, 

ii) There is a constant e such that the structure maps C{c,d)i A — >• 
C{c, d)i^j are {2i + j — e)-connected, 

A bimodule over C is 0-connected if the levels and the structure maps of 
its spectra satisfy the same properties. 

For any integer i we denote [^] the upper integral approximation of ^. 

Definition 3.5.8. Suppose that {C,D) is a category enriched in 5"^^ with 
duality . We say that C is G-connected if it is 0-connected, and 

i) The fixed point spaces {C{c, Dc)i)^ are ([|] — l)-connected, where G 
acts via D o oji, 

ii) There is a constant e such that the restriction to the fixed points 

C(c, Dc)f A (S^f C(c, Z)c)f+, 

of the structure maps are (i -|- [|] — e)-connected, with respect to the 
actions of {D o oji) A ojj on the source space, and D o (wj x uj) on the 
target. 

A bimodule with duality {Ai, J) over (C, D) is G-connected if it is 0-connected 
and it satisfies the analogous properties. 

Notice that we can assume that the constant e is the same both for the 
non-equivariant condition and on the fixed points. In particular, the class of 
examples we are mostly interested in satisfies this property by the following 
proposition. 

Proposition 3.5.9. Let (C, D) be a category enriched in abelian groups with 
duality, and let (M, J) be a bimodule with duality over (C, D) . Then both 
HC and HM are G- connected. 

Proof. We check the conditions for the category HG. The proof for HM 
is totally analogous. Given two objects c,d£ C, the space G{c,d) ^ 'L{S'^) 
is clearly [i — l)-connected (it is the realization of a (i — l)-reduced fibrant 
simplicial set). The fixed points space {G{c,Dc) (E) Z(5'*))'^ is ([|] — 1)- 
connected by |6.3.2 of the appendix, where we prove more generally that for 
an abelian group with additive involution A, and a simplicial G-set X, the 
space A{X)^ is 

min{Conn(X), Conn(X^)} 

connected. 
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The structure map (C(c, d) ® Z{S^)) A — > C{c, d) O Z(5^+J) fits into 
a commutative diagram 




C{c,d)0Z{S') 



where the vertical map is the adjoint of the identity, which is (2(i — 1) + 1)- 
connected by the suspension theorem. Thus the structure map is {2i+j — 1)- 
connected. For the restriction of the structure maps to the fixed points we 



refer to 6.3.1 in the appendix. There we prove in general that the map 

A{S')A\X\ A{S' AX) 

induced by sending • 0"^) A x to "^mi ■ (ai A x) is non-equivariantly 

(2i+ConnX)-connected, and (i+min{ConnX'^, ConnX})-connected on the 
fixed points for every real set X and abelian group with additive involution 
A. □ 



3.6 THR of rings with antistructures 

Let ^ be a ring, M an A-bimodule, and let M : Vj (g) Va — > Ah be the 
bimodule over Va which sends a pair of projective modules (c, d) to 

M(c, d) = hom^(c, d ®a M) 

Also recall that M induces a bimodule HM: HVj A HVa — > Sp^. 

Definition 3.6.1. The topological Hochschild homology of A with 
coefficients in M is defined as 



THH(A; M) = TRRiHVA; HM) 

We want to define THR of an antistructure (A, L, a) with coefficients 
in an ^-bimodule M, with a duality on the bimodule defined from an M- 



twisting J: Lt®AM — > Li^aM (cf. 2.2.1). We defined THR of a category 



and a bimodule with strict dualities, but the dualities on HVa and HM are 
not strict. We know how to make the duality strict on Va by applying the 



construction T>Vji^ of ^1.2, but we do not know yet how to make a duality 
strict on the bimodule. We describe this in general. 

Let (C, D, rf) be an A6-enriched category with additive non-strict duality, 
and M : C°p^C — > Aba bimodule. Recall that is the duality on C°P0C 
that sends (c, d) to {Dd,Dc). 
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Definition 3.6.2. A non-strict duality on M is an enriched natural trans- 
formation J: M ^ M o D.y such that 



M{c,d) 




M{D^c,D^d) 



commutes for all c,d £ C. 



Example 3.6.3. Let J be an M-twisting of {A,L,a). This induces a non- 
strict duality on the bimodule M = hom^( — , — (g)^ M) : V'^ (g) Va — > ^, 
defined as the natural transformation 

J = J: houiAiP, Q0aM)^ homAiDiQ, Dl{P) 0a M) 

of [1221 

We recall that the objects of T)C are triples 93 = (c, d, (p) with (p : d ^> 
D{c). The morphisms are pairs of morphisms (a: c — > c' ,b: d' — > d) in C 
such that the square 



d- 



d' 



Dc- 



Da 



Dc' 



commutes. There is an ^6-enrichement of VC by seeing the morphism sets 
as subgroups of homc(c, c') ® homc((i', d). The duality on PC is strict, and 
defined by 

D{c, d, (P) = {d, c,c^ D\c) ^ Dd) 

on objects, and it sends (a, h) to (6, a) on morphisms. A bimodule M : C°^® 
C — > Ab induces a bimodule on PC by the composition 

VM : VC°P PC C°P C A Ab 



where U : PC — > C is the equivalence of categories of 1.4.4 Explicitly, the 
value of PM at a pair {(p = (c, d, (j)),(p' = (c', d' ,(f))) is 

VM{ip,ip') = M{c,c) 

Let J : M ^ M o Dy be a non-strict duality on {C,D,7]). Define a natural 
transformation P J : PM =^ PM o L)^ by the composite 



PM((/7,(/7') = M(c,c')- 

VM{D^p',Dip) = M{d',dy 
This is a strict duality on PM. 



M{Dc',Dc) 
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Definition 3.6.4. Let {C, D, rj) be an j46-enriched category with additive 
non-strict duality, and M : C°'^®C — > Ab a bimodule with non-strict duahty 
J. Its real topological Hochschild homology is 

THR(C; M) := TRRiHVC; HVM) 

We describe exphcitly the bimodule and the duality in the ring case. Let 
{A, L, a) be an antistructure and J: Lt ®a M — > Lt M an M-twisting. 
The induced bimodule DM sends a pair (p = (P, Q , <j)) , (f' = (P' ,Q' ,(p') E 
DVa to the abelian group of module maps 

VM{ip, ip') = hom^(P, P' 0A M) 

with duality sending / : P — > P' ®a M to 

VJ{f) : Q' ^ D,P' m DUP) <S>A M ^'^"^''^ Q^aM 

We can display this information in a slightly different and more familiar 
way. Consider the abelian group M'^{ip, ip') of pair of maps (/ : P — > P' ^a 
M,g: f: Q' — > Q (^a M) such that 

Q^aM ^ Q' 



D(P) (^aM^ DP' 

Af) 

commutes, viewed as a subgroup of hom^(P, P' <^ a M)(Bh.om a{Q' , Q<SiaM). 
Since both (p and 4>' are isomorphism, the map g is completely determined by 
/, and therefore M'^{ip, ip') is isomorphic to 'DM{ip, (p'). Under this identifi- 
cation the duality induced by J sends (/, g) to {g, /). Notice that for ip = ip' 
there is an equality 

M-^{ip, p) = homA{(p, ip ®A M) 
where the right hand side is the abelian group appearing in the description 



of iDVakWI of ^2.3 



Definition 3.6.5. The real topological Hochschild homology of {A, L, a) 

with coefficients in the M-twisting J is 

THR((A, L, a), (M, J)) = TRR{HVVa; HM^) 



Notice that the equivalence of categories Va — > T^T^A of |1. 4. 4| induces a 
(non-equi variant) equivalence THH(i?PA; HM) ~ TYm{H'DVA] HM-^) (see 



e.g. |DM96| 1.6.7] or 4.1.4 below). We will prove in 4.1.6 that if the dualities 
on C and M are strict, the equivalence of categories C — > T>C induces a 
G-equivalence 

TRR{HC; HM) ^ TE.R{HVC] HVM) 
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Remark 3.6.6. In the special case of an antistructure coming from an anti- 
involution Q : A°P — > A, and an M-twisting given by a map j : M — > M (cf. 



example 2.2.3) there is another description for THR((^, ^4, a), (M, j)). One 
can consider the Eilenberg-MacLane spectrum HA as a category enriched in 
Sp^ with only one object. M defines a bimodule over HA that sends the 
unique object to the Eilenberg-MacLane spectrum HM. It sends morphisms 
to the action on the bimodule. The anti-involution a defines a duality on 
HA, and the map j a duality on the bimodule HM. Thus one can consider 
T}iK{HA, HA'I) instead. In ^4.8| we define an equivariant equivalence 



TYIR{HA,HM) ^ TYiR{HVVA\ HM^) 

Although the definition of THR(//^, HM) is simpler, it is easier to relate 
TY{R,{HT)Va] HM^) to i^-theory since it already involves the category Va- 

Remark 3.6.7. For an ^-bimodule M, one might want to classify all the 
non-strict dualities J on the bimodule 

M = homA(-, -(g>AM): V°/ ®Va — > Ah 

We claim that they all come from an M-twisting J as described above. Given 
a non-strict duality J, define an M-twisting J: Lt ®a M — > Lt 0a M as 
follows. For a fixed element I (8) m, consider the module map 

fit^rn ■ At — > Lt®AM ; a i — > I ® ma 
Define J as the composite 

Lt ®A M hom^(^t, Lt 0a M) — ^ homAlI^Lit, DL{At) (0a M) 



J 



Lt ®A M — DL{At) ®A M 



where we remind that a G D^Lt = hom^(Lf,Ls) is the involution of the 
antistructure, and eVx denotes evaluation at x. A computation shows that 

J{f) = J{f) 

for all / € hom^(P, Q 0a M), where J is the natural transformation defined 
from J in 12.2.61 



66 



4 Properties of THR 

4.1 Functoriality of THR and homotopies 

We will call an 5p^-enriched category with duality an 5p^-category with 
duality. Let {C,D) and {C , D') be S'p^-cate gories with duality. 

Definition 4.1.1. A morphism of 5p^-categories with duality from 
{C,D) to (C',D') is an enriched functor F : C — > C such that on objects 
FD = D'F, and such that the diagram 



C(c, d) 

F 



D 



-C{Dd,Dc) 

F 



C'{Fc, Fd) C'{D'Fd, D'Fc) 

commutes in Sp^. 

Let {A4,J) be a bimodule with duality on {C,D) and {Ai',J') be a 



bimodule with duality on {C',D'), cf ^3.1 and ^3.5 



Definition 4.1.2. A morphism of bimodules with duahty is a mor- 
phism of bimodules (F, <I>) : (C,M) — ?■ (C',M') such that F is a morphism 
of 5'p^-categories with duality, and the natural transformation 
M' o {F°P A F) is such that 



M{c, d) 



-M{Dd,Dc) 



M'{Fc, Fd) — ^ M'iD'Fd, D'Fc) 

commutes in Sp^. 

We next explain how a morphism of bimodules with duality 
(F,c^): (C,M)^iC',M') 



induces an equivariant map in real topological Hochschild homology, cf. ^3.5 
For every i£l[k] we define 

V{C;M,i) ^V{C';M',i) 

to be the map that sends an element niQ A /i A • • • A /fc in the (cq, . . . , Cfc) 
wedge component to 



<^i,imo) A F,,{fi) A ■ ■ ■ A Fi^ifk) 
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in the {F(co), . . . , F{ck)) wedge component, where Fi^ denotes the i^-th level 
map C{ci^, Ci^_-^)i^ — > C{Fcii^Fci^_^)i^ of the map of spectra F. Taking 
homotopy colimits, this induces a simplicial map on THR^, and the compat- 
ibility of F and $ with the dualities insures that it is equivariant. All in all, 
(F, $) induces an equivariant map 

THR(C;A^) ^THR(C';>1') 

on realizations. There is a category whose objects are pairs (C, A^) of an Sp^- 
category with duality and a bimodule with duality, and whose morphisms 
are the morphisms of bimodules with duality as defined above. The THR 
construction defines a functor from this category to pointed G-spaces. 

Definition 4.1.3. Let (F, $), (G, : {C,M) — > {C',M') be two mor- 
phisms of bimodules with duality. A G-natural transformation from 
{F, to (G, ^) is an enriched natural transformation k: F ^ G such that 
for every object c G C, the element Kc G C'(F(c), G(c))o defining the map of 
spectra Kc'- S — > C'{F{c), G(c)) satisfies 

i) For all / G C(c, d)i 

F{f) O DkDc O Kc = F(/) 

as elements of C{Fc, Fd)i, 

ii) For all / G C(c, d)i 

KdODKDdOG{f) = G{f) 

as elements of C{Gc, Gd)i 

iii) The diagram 

M{c, d) ^ M'{Fc, Fd) 



M'iGc, Gd) ^ M'iFc, Gd) 

^ ' 7WJ,(kc Aided) ^ ' 

commutes, where the right vertical arrow is the map of spectra 

A^'o(idFcAKd) G Sp^{M'{Fc,Fd),M\Fc,Gd))Q 

and similarly for the bottom horizontal map. 

Proposition 4.1.4. A G-natural transformation k between morphisms of bi- 
modules with duality {F, <&), (G, : (C, Ai) — > (C, Ai') induces a simplicial 
homotopy of equivariant maps 

sdeTRR,{C;M) x A[l]. sdeTRR,{C';M') 
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between the induced maps (F, $)* and (G, ^')*. In particular it induces a 
G-homotopy 

THR(C; A^) x / TRR{C';M') 

on realizations. 

Proof. Denote G o Kc the level maps of the map of spectra given by the 
composite 

C{c, d) ^ C'{Gc, Gd) A S 

I 

GoKc I id AKc 

y Y 
C'{Fc, Gd) C'{Gc, Gd) A C'{Fc, Gc) 

Given a cr G A[l]fc we define for every i e I[2k + 1] a map 
H^: V{C;M,i) V{C';M',i) 

These maps will provide a simplicial homotopy as claimed upon taking 
loops and homotopy colimits. Elements a G A[l]fe can be displayed as 

If 6 = k + 1, sends mo A /i A • • • A /2fe+i in the wedge component 

(co,...,C2fc+l) to 

$(mo) A F{h) A • • • A F{hk+i) 

in the wedge component {F{cq), . . . , F{c2k+i))- 
If 6 = 0, Ha maps mo A /i A • • • A /2fe+i to 

*(mo) A G(/i) A • • • A G(/2fc+i) 

in the wedge component (G(co), . . . , G(c2jfc+i)). 

li < b < k + 1, Ha{mo A /i A • • • A f2k+i) belongs to the wedge component 

(F(co), . . . , -F(C6,-1), G{CbJ, G{c2k+l-ba), F{c2k+2-ba), F{c2k+i)) 

and it is given by 

$(mo) A F{fi) A • • • A F(/b_i)A 

{Dkdc,., o Gift,)) A A A G(/2fe+i_6)A 

{G{f2k+2-b) O I^C2k+2-b) ^ F{f2k+3-b) A • • • A F{f2k+l) 

One checks that the induced map 

THR2fc+i(C;7W) ^THR2fc+i(C';A^') 

is G-equivariant upon using the various compatibility conditions satisfied by 
(F, (G, and k. By inspection, the family H^, a G A[l]. induces a 
simplicial homotopy 

H: sde THR.(C; >t) x A[l] — > scZe THR,(C'; At') 

□ 
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Example 4.1.5. We show that doH = Hdo when k = I and a = (01). The 
map Hdo sends (mo A /i A /2 A /a, (01)) to 

H{{hmoh) A /2, 1) = ^(/s • mo • /i) A ^(/a) 
Its image by d^H is 

((G(/3) o Kc,) ■ $(mo) • (Dkdco o G(/i))) A G(/2) 
The first smash factor is equal to 

G(/3) • (kc3 • Hrno)) ■ {Dkdco o G(/i)) 
which by definition of the bimodule actions is 

G{h) ■ {M'oiidFco AA^ca) o ^){mo) ■ {Dkdco o G{fi)) 
By property iii) of k this is equal to 

G{h) ■ (^ o M'o{k,, a idccM^o) ■ {Dkdco o G(/i)) 
that by definition of the bimodule action is 

Gifs) • ^'(mo) • {kco ° Dkdco ° G{fi)) 
By property ii) this is equal to 

Gifs) ■ ^(mo) ■ G(/i) 
which by naturality of ^ : M ^ M' o (G°p A G) is 

M'{G{h) A G(/3))(^(mo)) = ^{M{h A /3)(mo)) = ^(/3 • ■ h) 

Let (C, Z?) be an ^6-enriched category with additive strict duality, and 
(M, J) a bimodule with strict duality. Recall the functor V : G — > T>G 
from 1.4.4 that sends c to the triple {c, Dc,idDc)- Since the duality on G is 
strict it commutes strictly with the duality. The identity map defines a map 
of bimodules M =^ DM o (y°P (g) Vj commuting strictly with the dualities, 
since M(c, c/) = VM{V{c), V{c')). 

Proposition 4.1.6. The G-map 

{V, id)* : TRRiHG; HM) — > THR(iJPC; HVM) 
is a natural G-homotopy equivalence. 
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Proof. We define a G-homotopy inverse for the subdivided map 

{V, id)* : sde THR.(ifC; HM) — > sde THR.(ifPC; HVM) 
For i G /[2A; + 1] we display an element of V{HC; HM,i) as a string 



m fi hk+l 
C2k+1 ^ Co Cl ^ •••■«- C2fc C2fc+1 



With this notation, an element of V{H'DC; HVM,i) is a string 



d 



2fc+l 

<p2k+l 
Dc2k+1 



do 



Deo 



Dci 



" d2k — 

<t>2k 

I 

Dc2k 



02fc+l 



d2k+l 

02fe+l 



Do 



Jm Dai Da2k+i 

where the vertical maps are isomorphisms. This string is sent to 

m-cfeik+i 



'2k+l 



Dd 



■2k+l 



ai 02 
Co < Ci ^ 



0-k 



Dd2k 



+1 



Db2k+i 



Dd2k 



Db2k 



Dd 



k+2 



Dbk+2 



ak+ioDcp-l^ 

Ddk+i 



in V{HC\ HM, i). These maps respect the structure maps and the dualities, 
and therefore they induce a map of real sets 

r : sde TER.{HVC; HVM) — > sde TRR.{HC; HM) 

This is a retraction for (F, id)*, and the composite (V, id)* or sends the string 
of V{HVC; HVM, i) above to 



J(m-(/-2fe+l) Dai r-, 

d2k+i ^ -L'co > Dci 



J{m-4>2k+l) Dai r-, 

d2k+i ^ Dco ^ Dci 



J b2k+i 
"2fe ^ «C2fe+l 



^2fc + l 

• d2k ^ dC2k+l 



We define a G-homotopy from the identity to this composite by means 
of the maps H^ : V{HC;HM,i) V{HC;HM,i) defined as follows. For 
a = (0"l'^+^'~") G A[l]fc define H^^ to be the identity if a = 0, the composite 
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{V, id)* o r if a = A; + 1, and otherwise it sends the string above to 



J(TO-02fc+l) „ Dai DUa-l 
"2fc+l ^ ^CQ 5> . . . 5> VCc^i 



d2k+l 



J(m-02fe+i) 



Deo 



Dai 



Dact-i 



DCa-1 




Da^i 




"2fc+l ^ "2A; 



where a = 2fc + 2 — a. The maps give a G-homotopy 

sde THR,(i?PC; iJPM) x A[l] — > sdeTRR.{HVC; HVM) 
from the identity to (V, id)* o r. 



□ 



Corolleiry 4.1.7. Le^ {C,D) and {C',D') be Ab-enriched categories with 
additive strict dualities, (M, J) and (M', J') bimodules with strict duality 
respectively over C and C , and 

(F,$): (C,M) {C',M') 

a morphism of bimodules with duality. If the functor F is an equivalence of 
categories and the natural maps 

$: M(c,c') M'{Fc,Fc') 

are all isomorphisms, the induced map 

{F, $)* : TRR{HC; HM) — > TRR{HC'; HM') 

is a G -equivalence. 
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Proof. Since F is an equivalence of categories, by 1.2.5 it is an equivalence 
of categories with duality, i.e. there is a morphism of categories with duality 



(G,e): {C',D')^{C,D) 
and natural isomorphisms e: FG =^ idc and /i: idc GF respecting the 



dualities in the sense of definition 1.2.2 Notice that even though the dualities 



on C and G' are strict, the isomorphism GD' =^ DG does not need to 

be the identity. Define a bimodule map ^ : M' M o (g) G) as the 
composite 

^ : M'{d, d') M'{FGd, FGd') M{Gd, Gd') 

This construction induces a morphism of bimodules with duality 

{VG',VM') — > {VC,VM) 

The natural isomorphisms e and ^ induce G-natural isomorphisms between 
the compositions of 0> and (P(F, id), P^>) and the identities. By 

4.1.4| above, the map 



{V{F, id), : THR(iJPC; HVM) — > TYIR{HVC'; HVM') 
is a G-equivalence, with G-homotopy inverse induced by (G, Proposition 



4.1.6 provides a commutative diagram 



THR(i?C; HM) ^-^^ ^ THR(i?G'; HM') 



THR(iJPC; HVM) THR(ifPG'; i?PM') 

where the vertical maps are G-equi valences. Therefore {F, ^>)* is an equiva- 
lence as well. □ 



4.2 The Z/2-fixed points of THR 



Let (C, D) be an 5p^-category with duality, and {M., J) a bimodule with du- 



ality over (C, D). We saw in ^1.2 that the G-fixed points of the realization of 
a real space can be described as the realization of a simplicial space by means 
of subdivision. Thus, if we want to say something about THR(C; A^)*^ we 
better understand the spaces THR2fc+i(C; A^)*^. Recall the explicit descrip- 
tion of the fixed points category I[2k + Vf' = x l'^ x I'-' from proposition 



3.2.2 To simplify the notation let Q = G2k+i{C', M), so that 



THR2fc+i(C;7W) = hocolim^ 

/[2fe+l] 
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In ^3.5 we defined maps 

W2fc+i ■■ Gii) — > Q{u}2k+ii) 

that induce the G-action on THR2fc+i(C; A^). If i G I[2k + 1]*^ is a fixed 
point, 

W2fc+i : — > G{uj2k+ii) = Gii) 

defines an involution on G{i)- Let (^|/[2fe+i]G)*^ be the functor I[2k + 1]'-' — > 
Top^ that sends i to G{i)^- 

Proposition 4.2.1. There is a natural homeomorphism 



THR2fc+i(C;X)^ ^ hocolim(g|n2fe+iiG 

I\2k+1]G ^ ^ ' 



Proof. This is a general result based on properties of the homotopy colimit. 
Indeed, suppose that J is a category with involution lo, X: J — > Top^ a 
functor and r: X — > X o uj a natural transformation such that Ti^jTj = 
idx(j)- This induces an action on hocolimjX 

hocolimX — ^ hocolim(X o u) — > hocolimX 

We show that (hocolimj X)'-' = hocolimjo (X| jg)*^ by explicit calculation. 
The space hocolimj X is the realization of the simplicial space 

[k]^ V X{ao) 

aeAf^.,J 

where a = (o"o — t- ai — )■ ••• — t- a^)- The action on hocolimj X is the 
realization of the simplicial map given in degree k by 

(x G X{ao),a) i — > {t^qX G X{u)(Tq),u}(Tq — ^ uxti wcjfc) 

Since the action is simplicial, fixed points functor and realization functor 
commute, so 

(hocolimX)^-|( V ^M)''| = | V ^(^o)""! 

<l6A/;j g_&{M.J)(^ 

Since (Af.J)'^ = M.J^ ^ and therefore 



(hocolimX)^ ^ I V X{aof\ = hocolim(X| 

J * JG 



G 



□ 
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We next examine the space of equivariant maps 

W(C;^^)(^)^ = Map,(5^y(C;^1,^)f 
for i £ I[2k + 1]*^, where S'- = S'" A ■ ■ ■ A has G-action 

5^ = 5''o A • • • A 5*2fc+i !^±L^ A • • • A 5*2^+1 



Y 

5^ = S^'- = A 5^2'=+! A • • • A 
where the vertical homeomorphism reverses the order of the last 2k + 1 smash 



factors. The action on V{C; is given by the maps ujk defined in ^3.5 

We begin by describing (S-)'^ and V{C; A4,i)^ and refer to ^3.4 The fixed 



set of u}j : — > is S'l^zl , and using that i G I[2k + 1]*^ one gets 

, r*On r'l"' ^*2fe+in r'On i rlii—^oi 

{S'-f ^ 5^ 2 1 A 5^ -2 T ^ 5^ 2^ + ^2 1 

Here [ ] denotes the upper integral approximation and |i| is the sum of the 
components of i. 

We now describe V{C;M,i)^, for i G I[2k + 1]'^. The space C(c, Dc)i 
has a G- action by the involution D o Ui, where Wj G Sj is as usual the 
permutations that reverses the order of the elements. Similarly J o uji gives 
a G-action on M{c, Dc)i. 

Proposition 4.2.2. For i = (io, ■ ■ ■ ,ik, ^fc+i, ^fc, ■ ■ ■ ,h) G I[2k + 1]*^ there is 
a natural homeomorphism 

V{C; M,if = \JM{co, D{co))l A C(ci, co)^ A • • • A C(cfe, Ck-l)^, A C{D{ck),Ck)l^^ 

where the wedge runs over the {k + l)-tuples cq, . . . ,Ck of objects of C. 

In particular if C and Ai are G-connected, the connectivity of V = 
V{C]M,i) IS 

(Conn y, Conn T/G) = {\i\ - 1, + [t^] _ i) 

Proof By definition, V{C; Adji)'^ is the wedge over the set of (2A; + 2)-tuples 
of objects (co, . . . , C2k+i) fixed by the action of the spaces 

{M{co,Ck)io AC(ci,Co)ii A • • • A C{c2k+l,C2k)i2k+i)'^ 

Now, a sequence (cq, . . . , C2fc+i) is fixed if and only if 

(co, . . . , C2fe+l) = {D{c2k+i), D{co)) 
that is, if (co, . . . , C2k+i) is of the form 

{co, . ■ ■ ,Ck,Dck, . ■ ■ ,Dco) 
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Therefore V{C;M.,i) is the wedge over (cq, . . . , c^) of the fixed point spaces 

{M{co, D{co))^, A C(ci, co)«, A • • • A C{D{co),D{ci))i^^^^f 
An element m A /i A • • • A f2k+i is in this space if and only if 

m A /i A • • • A /2fc+i = Jwigm A Dui^^^j2k+i A • • • A -Dwji/i 
that is, if and only if it is of the form 

m A /i A • ■ • A /fc A fk+i A Dui^fk A • • • A -Dwji/i 

with m = Joji^m and /fc+i = Du!ii_^^fk^i. This means that the last A; smash 

factors are determined by the first k, and projecting them off one gets the 

homeomorphism of the statement. 

When C and M. are G-connected the space V(C; is non-equivariantly 
— l)-connected, as the connectivity of the smash product of two spaces is 

the sum of the connectivities plus one. By our description, the connectivity 

of V{C;M, if is 

\^\+n + ---+ik + \ ^\ - 1 = r^i + \^ — 1 - 1 

□ 

4.3 Equivariant approximation lemma 

In this section we prove two closely related results about the behavior of 
the homotopy colimit defining THR. One shows that if the connectivity of 
a map of diagrams over I[k] "tends to infinity", it induces an equivalence 
on the homotopy colimits. The other is an equivariant version of Bokstedt 
approximation lemma for THH. 

We define a partial order on the set of objects ObI[k] = N'^''"^ by declaring 
i < j if the components satisfy ii < ji for all < Z < /c. The subset 
ObI[k]'^ C ObI[k] has the induced order. Given a partially ordered set J, we 
say that a map A : J — > N tends to infinity on J if given any n G N there is 
a, jo £ J such that X{j) > n for all j > Jq. 

Proposition 4.3.1. Let J be either I[k] or I[k]'-' , let X,Y: J — > Top^ be 
two functors and f : X ^ Y a natural transformation. Suppose that for all 
object i E J the map fi: X{i) — > y(i) is X{i)- connected, for a function 
A : J — > N that tends to infinity on J. Then the induced map 

f : hocolim X ^> hocolim Y 

is a weak equivalence. 
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Proposition 4.3.2 (G-approximation lemma). Let Ai be a himodule with 
duality over an Sp^ -category with duality C, and suppose that both C and Ai 
are G-connected (cf. 3.5.8). Then for every natural number n, there is a 
i E I[2k + 1]'-' such that the natural G-equivariant map 

G2k+i{C;M){i') THR2fc+i(C;X) 

is [n, n)-connected for all i<i'(z I[2k + 1]*^. 

These two statements depend only on structural properties of I[k] and 
I[k]'^ and on the connectivity properties of the functor G2k+i{C] -^)- Indeed, 
|4.3.1| and |4.3.2 follow from the general statements |4.3.7| and |4.3.8| below, 
respectively. 

Definition 4.3.3 (cf. |Bok86| 13]). A good index category is a triple 
(J, J, /i) where 

i) J is a category and J C J is a full subcategory 

ii) /i = {/ij : J — > J \j G J} is a family of functors, one for each object 
3^ J 

iii) for every j £ J, there is a natural transformation [/ : id =^ fij such that 

Example 4.3.4. Given any pointed category J, there is a structure of trivial 
good index category on J given by the triple (J, *,idj), where the identity 
of J is the unique functor of the family. Notice though that for this good 
index category the statement 4.3.7 below is trivial. 

Example 4.3.5. We want to define a useful structure of good index category 
on I[k] and I[k]^ . We start with the fc = case. We denote /g the full 
subcategory of / with objects the even natural numbers. For j E /g let 
: I — 7- / be the functor that sends an object i to 

and a map a : i — > i' to 

/Uj(a) = idjy2 +a + idj/2 

It commutes strictly with the involution on 1. It should be thought of as an 
equivariant variation of the functor that adds j using the monoidal structure 
on /. There is a natural transformation JJ : id =^ /ij, defined at an object 
i G / by the middle inclusion 

' 2 2 
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that sends s to s + j /2. Each map Ui is equivariant. The triple is 
then a good index category. Now let be the full subcategory on even 
objects. For j S I^, the functor //^ restricts to a functor fj,^ : J*^ — > I^, 
and the natural transformation U gives a natural transformation id =^ 
The triple {l'-^ , , fi^) is also a good index category. 

For higher /c, define j G /[/c] to be even if all of its components are even 
natural numbers. Denote I[k]e and I[k]^ respectively the full subcategories 
of I[k] and I[k\^ on the even objects. For j G I[k]e^ the product functor 

= ^io X • • • X /^ifc : IW\ — > IW\ 

defines a good index category (/[fc], /[fc]e, /i). Similarly for j G I[k]'^ the 
restrictions /i^ give a good index category (/[/c]^, /[/c]^, /i*^). 

Remark 4.3.6. Our definition of good index category differs from the one 
one of Bokstedt of |Bok86| 1.3]. In |Bok86| . / is equipped with the monoidal 
structure +: I x I — )■ /. This gives a good index category in our sense, 
defined by the triple ( J, J, //) with = j + (— ). We need a more general 
definition because + does not restrict to a functor x J*^ — > since the 
sum of equivariant maps is not equivariant. 

The techniques used for our proofs are generalizations of the methods 
used in the approximation lemma proof of [ DGM121 IV-2.2.3]. 

Let ( J, J, ii) be a good index category and A : OhJ — > N a function that 
tends to infinity in the following sense: given n G N there is a jo £ J such 
that X{j) > n for all j G ^j^{J). 

Lemma 4.3.7. Let (J, J, n) be a good index category, X,Y : J — > Top^ two 
functors and f : X ^ Y a natural transformation. Suppose that fj is at least 
connected, for a function A: ObJ — > N that tends to infinity. Then the 
induced map 

f* : hocoIimX hocolimy 

is a weak equivalence. 

Proof. Given any natural number n we prove that /=„ is n-connected. Take 
a Jo for n as in the statement, and consider the diagram 

/* 

hocolim J X s- hocolimj Y 

hocolimj X o ^ hocolimj Y o 

Where the vertical maps are the canonical maps, and the bottom map is the 
restriction of /. We claim that the vertical maps are equivalences. Given 
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that, it suffices to prove that (/|^^^)* is n-connected. For every object j £ J 
the map 

4io(i)- ^(/^io(i)) Yif^joU)) 
is A(/Xjp(j)) > n-connected. Since homotopy cohmits preserve connectivity 
(cf. IcfiMl IV-4.13]), is also n-connected. 

In order to prove that the vertical maps are equivalences, it suffices to 
prove that the under categories i/fJ-jQ are contractible for every i £ J (see 
|BK72| XI-9.2]). This follows from the natural transformation [/: id =^ /ijp. 
Indeed, set F := and consider the inclusion * — > i/F into the object 
(i, Ui: i — > F{i)). In order to build a homotopy between the projection to 
{i,Ui) and the identity, we exhibit a functor G: i/F — > i/F and natural 
transformations id =^ G and * =^ G, where * is the constant functor at 
{i,Ui). For an object {i' , f ■ i — > F{i')) of i/F, define 



G(i',/) = (F(0,i 



A morphism a: {i' , f) — > {i",g) consisting of a map a: i' — > i" such that 
F{a)of = g, issentbyGtoF(a): {F{i'), F{Ue)o f) {F{i"),F{Ue')og). 
The natural transformation id ^ G is defined at an object (i', /) by the map 



F{i'). Indeed the diagram 



Fii') 




FF{i') 

commutes by definition of G. Define the natural transformation * =^ G at 
an object (i' , f : i — > -^(^0) the morphism {i,Ui) — > G{i',f) given by 
the map /: i — > F{i'). To see that it is a well defined morphism, we must 
show that 




commutes, that is F{f) o [/, 
Up(^ii-j, this is naturality of U for the map /. 



Fif) 
FF{i') 

F(Ui') o /. Since we assumed that F{Uii 



□ 



Proof of 14- 3.1 Let us first consider J 
gory {I[k], I[k]e, fJ^) of the example 



4.3.5 



I[k], and take the good index cate- 
above. Notice that i belongs to 
exactly when i>j. Therefore the connectivity function A: N^*^^ — > N for 
the natural transformation / tends to infinity if and only if the condition of 
4.3.7 is satisfied. Therefore is an equivalence by 4.3.7 Since ObI[k]'^ has 
the order induced from /[fc]*^, the same argument applies to the good index 
category (I[A;]'^,/[A;]f □ 



79 



Lemma 4.3.8. Let {J,J,fj,) be a good index category such that J has an 
initial object G J with //j(0) = j for all j G J. Let X : J — > Top^ be a 
functor such that for a fixed j € J the map 

X{j) = X{i,,{0))^X{pj{i)) 

induced by the map — > i is n- connected for all i G J. 
Then the canonical map 



X(j) — > hocolimX 



is n-connected. 



Proof The canonical map X(j) 
diagram 

X{j) — 



hocolimj X fits into a commutative 



• hocolim X 

J 



Xip.iO)) 



14X71 



■ hocolim X o u • 
J 



The right vertical map is the canonical map, which is an equivalence by the 
proof of 4.3.7 above. Therefore it is enough to show that the bottom row 

X{fj,j{0)) — 7- hocolim X o fj,j 

is n-connected. Looking at X(/ij(0)) as the constant diagram, this map 
factors as 



X{fij{0)) ^ hocolim X(/ij(0)) 



hocolim X o 



Since J has an initial object, its nerve is contractible, and therefore the first 
map is an equivalence. The second map is n-connected since by assumption 
each X{ij,j{0)) — > X{fij{i)) is n-connected, and homotopy colimits preserve 
connectivity. □ 



Proof of 4-3.2 For simplicity, write G2k+i = G2k+iiC; M)- The two good 
index categories {I[2k + l],I[2k + fi) and {I[2k + l]'^,I[2k + 
of 4.3.5 both have an initial object with the property of the proposition 
above. By proposition |4.2.1[ the statement on the fixed points follows if for 
every n there is a j in I[2k + 1]'-' such that 



^2A:+l(j)*^ = G2k+l{lJ'j( 



^2A:+l(^i(i)) 



G 



is n-connected for all i G I[2k + 1] . We prove this in lemma 4.3.10 be- 
low. Similarly, the non-equivariant statement of 4.3.2 follows from the last 
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proposition if we can prove that for every n there is a j in I[2k + 1]'-' such 
that 

^2fc+i(i) = ^2fc+i(Atj(0)) — > ^2fc+i(^i(i)) 

is n-connected for all i E I[2k + 1]*^. The proof of this is similar to the proof 
of 14.3.101 below. □ 

The proof of lemma 4.3. 10| depends on the connectivity of the map 
cTy: V{C;M,l)AS'-^V{C;M,i + i) 
defined to be the composition 

ViC;M,j)AS'- 



\l{M{cQ,C2k+l)jo AC(ci,Co)ji A ••• AC(c2fc+l,C2fc)j2fc+i A 5"^) 



V A^(C0, C2fc+l)jo A A • • • A C{c2k+l,C2k)hk+i A 5^2'=+! 



V A^(co,C2fc+l)jo+io A • • • AC(c2fc+l,C2fc)j2fe+i+i2fc+i 



y(C;A^,i + i) 

where the first two maps are canonical isomorphisms, the third map is in- 
duced by the structure maps of the spectra and where j + i is defined point- 
wise. When i and j belong to /[2fc -|- 1]^, the map ajj is G-equivariant with 
respect to the diagonal action on the source, and the action on the target 
V{C; A4,j + i) defined by the involution 

M M{CQ, C2k+l)jo+io A • • • A C{c2k+l,C2k)j2k+i+i2k+l 

\J M{cQ,C2k+l)jo+io A • • • AC(c2fc+l,C2fc)j2fc+i+j2fc+l 

V .J/\DA--AD 

\J M{cQ,C2k+l)jo+iQ A • • • AC(c2fc+l,C2fc)j2fe+i+i2fc+i 



M M{cq, C2k+l)jo+io A C(c2fc+1, C2fc)j2fc+i+j2fc+i A • • • A C(ci, Co)jo+' 



«0 
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Notice that this action is different from the standard action on V{C; Ai, j + i) 
defined in ^3.5[ where we used the permutations ujji+ii instead of ojj^ x Ui^. 
For a i G I[k], we denote min(i) its smallest component. Recall that e 
denotes the connectivity constant from the G-connectivity of C and M. 

Lemma 4.3.9. If C and M are G-connected, the map 

is (min(j) + |j| + |«| — 1 — e)-connected for all i,j £ I[2k + 1]. 

When, i,j G I[2k + 1]*^ are fixed by the action, its restriction to the fixed 
points is 

min(j) + \j \ + \ ^ 1 + \^ \ + \ — ^ — 1 - e - 1 

connected. 

Proof The first two maps in the composition defining a^j form an equivariant 
homeomorphism. We are therefore only interested in the third map. 

Since the wedge of n-connected maps is n-connected, it is enough to see 
how connected the smash of the structure maps is. Recall that if / : ^ — > X 
and g: B — > Y are respectively n and m connected maps of spaces, the 
connectivity of their smash product f A g: A A B — > X AY is min{n + 
Conn(i?),m + Conn(X)}. Since the l-th structure map appearing in the 
smash is (2ji + ii — e)-connected by assumption, the connectivity of their 
smash product is 

min{(2j( + i/ - e) + (Eh/i Jh + ih) - 1} = min{ji + Y.hUh + 4)} - 1 - e 

= min(j) + |j| + |z| — 1 — e 

Now suppose that i, j G /[2A; + l]*^. On the fixed points ajj is, under the 
homeomorphism of |4.2.2[ the map 

V(A^(co, I)(co))io A A C(ci, Co)j, AS'^ A... 

■■■AC{ck, Ck-i)j, A S'" A {C{D{ck),Ck)j,^, A S'^+^f 

y M{co,D{co))%+,^ AC{ci,co)j,+,, A . . . 
■ ■ ■ AC{ck, Ck-i)j,+i, A CiD{ck),Ck)g^^+i^^^ 

given by the wedge of the smash of the structure maps, where the first and 
the last are restricted to the fixed points. For any / = 0, . . . ,k + 1 let q 
be the connectivity of the l-th map appearing in the smash product above, 
plus the connectivity of the sources of the other (k + l)-maps, so that the 
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connectivity of ajj on the fixed points is the minimum of the c/'s. We compute 
these numbers. Notice that since i G I[2k + 1]*^, 

\i\ = + 2( ^ ii) + ik+i 

l<l<k 

and similarly for j. By our connectivity assumptions 

CO = Oo + r^i - 6) + Ei<h<kijh + ^h) + r^i + r^i - 1 
= Oo + ---+ifc + r-^i) + (rti +ii + ---+ifc + r^i)-i-e 

and similarly 

c,+i = + r^i - 6) + rt 1 + rii + Ei<h<kUh + i.) - 1 
= (rfi+ji + ---+jfc+i) + (r^i+n + ---+^;t + r^i)-i-e 

For 1 < / < /c, we have that 

The minimum of these numbers is at least 

min(j) + (rfl+ji + ...+jfc+r^^l) + (r^l+zi + ...+Zfc + r%il)-l-e 
= min(i) + [f 1 + + + - e - l 

□ 

Lemma 4.3.10. For every natural number n, there is an even j G /[2/i; + l]'^ 
such that the map induced by — > i 

is n-connected for all i G /[2A; + 1]*^. 

Proof. By definition of ^2fc+i on morphisms (see e.g. [DGM12[ IV-1.2.1]), 
the induced map ^2fc+i(j)'^ — > ^2fc+i(Aii(i))'^ sends / G Q2k+i{j)^ to the 
composite 



S2+^2 ^T/(C;Xj+i) 



32-^2 V{C;MJ + i) 

A 



83 



The non-labeled homeomorphism in the diagram groups the last i;-factors in 
every (ji + ii)-component. Precisely, it is the smash of the homeomorphisms 



^ V ' ^ V ' ^ V ' 

jl+il jl H 



We recall from 3.5.1 that the permutation Xp,q ^ ^p+g interchanges the first 



p and the last q elements. The composition of the two vertical maps on the 

i . .. i 

left is the equivariant homeomorphism S 2 -'^ 2 = A S- induced by 



Similarly, the map (idjo +X,-, jo ) A • • • A {id .^k+i +X. J2k+i ) is an equiv- 

2 2 2 «2fe+l, 2 

ariant homeomorphism when the source is equipped with the action induced 



from the permutations x Wj^, as defined just before 4.3.9, and the target 
with the standard action induced by the permutations Wj^+j; of ^3.5 Thus, 
we just need to show that the composite 



02k+lU) 



G 



Map,{SlAS^V{C;M,i)AS^)' 



Map,{SlAS\ViC;M,j + i)) 



G 



3.4.4 



of the 



sending / to aij o (/ A id) is highly connected. By corollary 
Whitehead theorem, the connectivity of (— ) o aij is the connectivity of a, 
minus the dimension of (5- A S-)'~'. By the homeomorphism 



(Si A s- 



i\G 



AS^- 



'Pl I |- lil-'o - 



and 4.3.9 this difference is 



min(j) — 1 — e 



Corollary 3.4.6| of the G-suspension theorem gives us a way to compute the 
connectivity of (— ) A S-. Indeed, using that V(C;A4,j) is 



m - 1, rf 1 + r^i - d 



connected, one finds after using 



30 



3.4.6 



that (-) A 5"^ is 

jk+l 



1 
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connected. Therefore the dashed map above is at least 

I min(j) 

connected, which can be chosen to be arbitrarily big with j. □ 
4.4 THR and stable equivalences 

Wc describe another class of maps of bimodules that induce G-equivalences 
on THR. 

Definition 4.4.1. A morphism of bimodules with duality (F, $) : (C, Ai) — t- 
{C ,M') is a stable G-equivalence if the functor F : C — C is a bijection 

on objects, and there are functions 5,8'^ : N — t- N such that 

i) 5{i) — i and — [g] tend to infinity with i, 

ii) For every objects c, d of C, the maps F : C{c,d)i — > C'{Fc,Fd)i and 

M{c,d)i — > M'{Fc,Fd)i are at least (5(i)-connected, 

iii) For every object c of C, the maps F^ : C{c, Dc)f C'{Fc, FDc)f and 

M{c,Dc)f — > M'{Fc,FDc)f are at least (5'^(z)-connected. 

Proposition 4.4.2. Suppose that C and M are G-connected. A stable G- 
equivalence (F, $): (C,M.) — > {C',M') induces a weak G-equivalence 

{F, : THR(C; M) THR(C'; M') 

Proof. Since {F, is a stable equivalence, the connectivity of the map 

Fi-. C{c,d)i^C{Fc,Fd)i 

is a function S{i) of i such that d{i) — i tends to infinity with i, and similarly 
for A4. Recall that if /: ^ — > X and g: B — > Y are respectively n 
and m connected maps of spaces, the connectivity of their smash product 
f Ag: AAB — > X A y is min{n + Conn(i?), m + Conn(X)}. Therefore the 
connectivity of 

V{C;M,i)^V{C';M',i) 

is 

mm{S{ii) + { Yl ^h)-'^} 

0<h^l<k 

for each i € I[k\. Notice that here we are using that F is a bijection on 
objects, to make sure to reach all the wedge components. The map 
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is thus 

mm{6{ii) + { ^ ih) - 1} - \i\ = m.in{6{ii) - ii} - 1 

0<h=/=l<k 

connected. This tends to infinity on I[k], and therefore it induces an equiv- 
alence on homotopy colimits by |4.3.l| Consequently 

THR(C;7W) ^ THR(C';A^') 

is an equivalence. 

To show that {F, <1>)=k is an equivalence on the fixed points, we show that 
it is a levelwise equivalence on the fixed points of the subdivision. For 

i = {io, h,..., ik,ik+i,ik, . . . , n) G I[2k + 1]"^ 

the map : V{C;M,i)^ — > V{C';M',i)^ is, by the description of of 

the fixed points of 4.2.2[ the wedge over the tuples (cq, . . . , c^) of the smash 



products of the maps 

Fi: C{cl,Cl-l)i^ — > C'{Fci,Fci-i) 

for 1 < I < k, and of the maps 

F^_^,: C{Dck,Ck)g^^ ^ C'iFDck,Fc:^G 
^^:M{co,Dco)Z^M'{co,Dco)Z 



Thus its connectivity is the minimum of the following three quantities. The 
connectivity of F^^^ plus the connectivity of the sources of the other maps 
in the smash, which is 

The connectivity of ^I'q' plus the connectivity of the sources of the other 
maps, which is 

<5^(io)+n + --- + ifc + r^l -1 

And finally the minimum over 1 < / < of the connectivity of Fi plus the 
connectivity of the sources of the other maps, which is 

l<h=/=l<k 

Now recall that there is a homeomorphism 

(51)^ ^ ^[M]+i,+...+i^+p!fe±l] 
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By the Whitehead theorem 3.4.4, the induced map 
is therefore 



min 6^{i,^^) - \^] , 6^{io) - f^l , n,m {6{ti) - 

\^ Z Z l<l<k 

This tends to infinity on I[2k + 1]*^ by the properties of 6 and 6'^ , and 



therefore it induces an equivalence on homotopy cohmits by 4.3.1 By the 



description of the fixed points of the homotopy cohmit 4.2.1 the induced 
map 

is an equivalence. This gives the desired equivalence on the realization. □ 
4.5 Abelian group model for THR 

Let C be a category enriched in abelian groups with strict duality D, and M a 
bimodule with duality on (C, D). We are going to show that THR(ffC; HM) 
is G-equivalent to the realization of a real topological abelian group. For an 
abelian group A we denote 

Ai = Ac^Z{S') = A{S') 

the space of reduced configurations. 

For all i£l[k] define a topological abelian group 

V®{HC; HM, i) = M(co, Ck)i, Z{C{cl,co)^, A • • • A C(cfc, Ck_i)iJ 

where the direct sum runs over {k + l)-tuples of objects co,...,Cfc of C. 
Define a functor Q®{HC; HM) : I[k] — > Top^ on objects by 

g®{HC;HM){i) = Map,iS\V®{HC;HM,i)) 

and on morphisms analogously to Qk{HC] HM). Then define 

TYiR®{HC\HM) = hocolim g®{HC;HM) 

i[k] 

As for THR, the spaces TILK® {HC; HM) form a simplicial topological 
abelian group. We define THR® (i/C; HM) to be its realization. 

There is a levelwise G-action on THR® {HC; HM), induced by the maps 

g®{HC; HM){i) G®{HC- HM){ioi) 
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which conjugate an / G Map^(S^ F® (FC; HM, i)) by S^^- ^ S^- S'- 
and by the map 

V®{HC\ HM, i) V®{HC- HM, cui) 
defined by the composition 

V®{HC; HM,i) 



M(co, Ck)io (8) Z(C(ci, co)ii A • • • A C(cfe, Cfc_i)i^) 



M(co, Ck)io <^ ^(C(cfc, Cfc-i)ife A • • • A C(ci, co)ii) 
0M(co,Cjk)jo (8)Z(C(cfc,Cfc_i)i;„ A • • • A C(ci,Co)ii) 

Ji8iZ(DA---AD) 

M(L>Cfe, Dco)i^ ® Z{C{Dck-i,Dck)i, A • • • A C(L>co, i^Ci)^ J 
F®(i7C; HM,oji) 

The the natural maps 

M(co,Cfe)io AX^M(co 

with X = C(ci, co)ij A- • •AC(cfe, Cjfc_i)jj., together with the inclusion of wedge 
products into direct sums, give maps V{HC;HM,i) — > V®{HC;HM,i) 
respecting the structure maps and the action. This induces a map of real 
spaces 

T'H.R.{HC;HM) — > T'HRf{HC;HM) 
This is the main result of this section. 
Proposition 4.5.1. The map 

TBR{HC;HM) — > TRR® (HC]HM) 
is a G -equivalence. 

Proof. We prove that the simplicial map is a levclwisc equivalence, and that 
it induces a levelwise equivalence on the fixed points of the subdivisions. The 
main point is that for every G-CW-complex X the map M(c, d)i A X — > 
M{c, d)i (8) is equivariantly 

{2i + ComiX, i + minjConnX'^', ComiX}) 
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connected. The proof of this result is technical, and is deferred to appendix 

EM 

Non equivariantly, the map TRRk{HC;HM) — > TRR® {HC;HM) is 
induced by the composite 

V M(co, Ck)io A C(ci, Co)ii A • • • A C{ck, Cfc_i)ij^ 

CO, ■■•:<=*; 



V M{co,Ck)io 0Z(C(ci,Co)ii A • • • A C(cfc,Cfc_i)iJ 

CO,...,Cfc 



M{co,Ck)io (»Z(C(ci,Co)ii A • • • A C(cfc,Cfc-i)iJ 

Co,...,Cfc 

The first map is induced by M(co, Cfc)jg A X — > M(co, Cfc)^^ (X> Z(X), for 
X = C(ci, Co)ii A • • • A C{ck, Ck-i)ik and it is 

2(io - 1) + (ii + • • • + 4 - 1) = io + lil - 3 



connected by 6.3.1 The second map is {2\i\ — l)-connected as inclusion of 
wedges into sums, so the composite is (zq + \i\ — 3)-connected. Thus 

gk{HC;HM){i) g®{HC;HM){i) 



is (iQ — 3)-connected, which tends to infinity on I[k]. By 4.3.1 it induces a 
weak equivalence on the homotopy colimits. 

Given a fixed point i = {io,ii, ■ ■ ■ ,ik: ik+i,ik, ■ ■ ■ G + 1]*^, we 
need to describe the map V{HC; HM,i)'^ — > V®{HC;HM,i)^. Proposi- 



tion 4.2.2 gives us an explicit description for the source of this map. The 
action of G on the set ObC^''+'^ is D o uj2k+2 with fixed set ObC''+^ ^ 
{co, . . . , Cfc, Dck, • • • , Dcq} and we may write 



where (06C ) / is a set of representatives for the orbits of the free elements 
of O^C^'^+i. Then V®{HC;HM,i)'^ is homeomorphic by' ' 



3.4.7 



to 



\G , 



© (M(co, Dco)i, Z(C(ci, co)i, A • • • A C{Dco, Dci)i,)Y 

M{co,C2k+l)io (»Z(C(ci,Co)ji A ••• /\C{c2k+l,C2k)h) 

Under this identification, the map V{HC; HM,i)^ — > V®{HC; HM,i)'-' is 
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the composition of inclusions 

V{HC;HM,i) 



V (M(co, Dco)io A Cici, Co)i, A • • • A C{Dco, Dci)i^] 



V (M(co, £'co)io ® Z(C(ci, co)n A • • • A C7(Dco, L'ciji J) 



© (M(co, Deo),, ^ Z(C(ci, co)n A • • • A C{Dco, Dci)i,)) 



G 



G 



© (M(co, L'(co))io ^ Z(C(ci, Co)., A • • • A C{DcQ, Dci)i,)f 

M(co, C2A:+l)io Z(C(ci, Co)ii A • • • A C(c2fc+1 , C2A;)ii ^ 
(ObC2fe+l)y 



V®{HC;HM,i 



where the unlabeled wedges and sums are over the objects cq, . . . ,Ck € C. 
The first map is the map 



{M{co,Dco)i,AX) 



G 



{M{co,Dco\,®Z{X)) 



G 



for X = C(ci, co)ii A • • • A C{Dck, Ck)i^ 
minjConnX'^, ConnX})-connected by 



A 



6.3.1 



■ ■ AC{Dco,Dci)i^. It is (io + 
and since 



(C(ci, Co)ii A • • • A C{Dck, Cfc)ifc+i A • • • A C(L'co, Dci)i-,) 



G 



C(ci,Co)ii A • • • A C(cfc,Cfc_i)ij^ A C{Dck,Ck) 



G 

ik+l 



this connectivity is 



io+h-\ — h + r 



1 



The second map is an inclusion of wedges into products, and it is therefore 
roughly twice as connected as (M(co, -Dco)jo<8)Z(X))'^ is. This can be written 
as 

(M(co, Dco)io Z{X)f ^ (M(co, Dco){S'^ A X)f 



6.3.2 



Thus the 



which is ([^] + ii + ■ ■ ■ + ik + [^^1 — l)-connected by 
second map is (|i| — l)-connected. The third map is as connected as the 
second summand of its target, which is — l)-connected. Therefore the 
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connectivity of the composite is the minimum of these three quantities, given 

by 

io + ii-\ hifc + f-^l - 1 

By the corollary of the Whitehead theorem |3.4.4[ the map 

is the connectivity above minus the dimension of the fixed points of S-, which 
is 

10 + 11 + ■■■ + ik + \ ^\ - 1 - (r^l + n + • • • + ifc + \ ^\) = ^2^~ 



connected. This tends to infinity on I[2k + 1]*^, and by 4.3.1 it induces an 
equivalence on homotopy colimits 

hocolim,[2fc+i]G g2k+i{HC; HM){i}G ^ TRR2k+i{HC; HM f 



hocolim,[2fc+i]G Gfk+iiHC; HM){0^ - THR® HM) 



□ 



4.6 A first delooping for THR(C; A^) 

Let {C,D) be an 5p^-category with duality, and {A4,J) a bimodule with 
duality over {C,D). In this section we show that THR(C;A^) is the 0-th 
space of a real spectrum THR (C: M) (see 1.5.15). Then we prove that if C 



on m 



4.11.1 



and M are G-connected (cf. 3.5.8), THR fC; Ai) is a real i7-spectrum. Later 
we will describe a second delooping by the 5^'^-construction in 



the case of split-exact categories. 

For i = {iQ, . . . G I[k] and a G-space X, define 

V{C;M,X,i) = \J M(co,Ck)io/\C{ci,co)i^ AC(c2, ci)i^A---AC{ck, Ck-i)i„ AX 

The G-space X has the role of a dummy variable. Define T}IRk(C; M , X) 
as the homotopy colimit of the functor Qf:{C;M,X): I[k] — > Top^, 

gk{C;M,X){i) = Map,{S\V{C;M,X,i)) 

Here the G-action is induced by the maps 

LOk-. V{C;M,i) — > V{C;M,uji) 



from §3.5[ smashed with the involution on X. This gives a real space 
TBR,{C]M,X) whose realization is denoted TER{C]M,X). 
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Let Y be another G-space. For every x G X the map Lx '■ Y — > Y A X 
that sends y to y Ax induces 

L^: V{C;M,Y,i) — > V{C; M,Y A X,i) 

and hence 

(lx)*: T'RR{C;M,Y) ^TBR{C;M,Y AX) 
with D{lx)* = (lujx)*- This induces a G-map 

THR(C; 7W, Y) A X ^ THR(C; 7W, Y A X) 
where the source is equipped with the diagonal action. 

Proposition 4.6.1. The family THR(C; A^, S^"^'"^) with the structure maps 
TRR{C;M, S^"^'™) A S^"'" ^ THR(C; S^™'™ A ^2"'") 



THR(C;A^,52(™+")''"+") 

defined above is a real spectrum, denoted THR (C: M). If in addition C 
and are G-connected, then THR (C: M) becomes a real Vt-spectrum, and 
THR(C;A^) an infinite real loop space. 

Proof. It easy to check that THR (C: M) is indeed a real spectrum. 

We check that the adjoints of the structure maps are weak G-equivalences 
in the G-connected case. For every i G I[lk + 1]^, there is a commutative 
diagram of G-maps 



n,n\ 



^2n,n THR2fc+l(C;A1,52("^)'"^) 



where the horizontal maps are the canonical maps into the homotopy col- 
imit, and the unlabeled vertical map on the right is induced by the ad- 
joint of the identity of y(C ; A^, S^"^'"^, j) A 52"'". The proof of the G- 
approximation lemma 4.3.2 works for THR(C;7W,X), as lemma 4.3.10 ap- 



plies to Q{C]Ai,X). Therefore one can choose i big enough so that the 
horizontal maps of the diagram are as connected as we like, both non- 
equivariantly and on the fixed points. By the suspension theorem, the ver- 
tical map is non-equivariantly 



2(|i| +2m-l) + l 



Ul -|- 2m — 1 
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connected. By the G-suspension theorem, the connectivity of the fixed point 
map is 

min{|i|-l,2([|l+^l + ... + ^fc+^^l) + l}+m-(^|l+^l + ...+^fc+^%il) 
= [^\+h + --- + ik+[^\+m-l 

which also tends to infinity with This shows that 

THR2fc+i(C; 52™'™) J72n,n THR2fc+i(C; M, 52(m+n),m+n) 

is z^-connected for every 1^, and therefore a weak G-equi valence. Its realiza- 
tion 

THR(C;7W,S2'^''") |1^2n,n rpjjj^^^^. ^2{m+n),m+n)| 

is therefore a weak G-equi valence. Moreover the canonical map 

is a G-equivalence by |HM97[ 2.4], since both THR(C;X, 5'2(m+n),"i+n) 
the subdivision sde THR(C; A^, 5'^*^™'+"')''"+")*^ are good simplicial spaces 
and levelwise connected when n > 0. □ 

4.7 THR of equivariant products 

Let X be a finite set with an involution uj : X — > X, and {Cx}xgX a family of 
categories enriched in Sp^ indexed over X. Suppose that there are enriched 
functors : Cx^ — > C^ix such that D^x ° D'^ = idc^ ■ 

Also suppose that A^^^ is a bimodule over C^, and that Jx is a natural 
transformation 

Jx ■■ Mx{c, d) — > Mujx{Dxd, Dxc) 
with J^^ o Jx = id_A4^, and such that the diagram 

Cx{d, e) A Mx{c, d) C^x{Dxe, Dxd) A M^x{Dxd, Dxc) 

7 

Y 

I Mujx{Dxd,Dxc) ACuix{J)xe,Dxd) 

r 

I J ^ 

Mx{c, e) ^ M^xiDxe, Dxc) 

commutes. 

Recall that the product and the wedge of symmetric spectra are defined 
levelwise. 
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Definition 4.7.1. Let Hx^a; category enriched in Sp^ with objects 

Y\.x = rixex OhCx and morphisms spectra 

X xex 
Composition sends {g A f) e Hx ^x{b, c)i A Ylx Cx{a, b)j to 

(/ o 9)x = fx°gx 

The identity of an object a of Cx is the product H^ex ^^ax '■ ^ — ^ 

rix ^x{(^xi (^x)- 

Define a duality D: (Xix^xY^ — > Wx^x by sending an object a to 
{Da)x = Dajxttoox G ObCx 
and a morphism / G Y\x ^xio-, b)i to 

{Df)x: Duixhuix ^"^"^ D^xCLujx G Cx{{Db)x, {Da)x)i 
Similarly define Mx to be the bimodule over Cx defined by 

JjA^^(a,6) = Yl Mxiax,bx) 
X xex 

with bimodule structure defined pointwise like for composition in Hx^^- 
has a duality J: Yl^ Mxia, b) — > Hx -^xi^b, Da) defined in level i by 

J{m)x = Jojxirriujx) e Mx{{Db)x, {Da)x)i 

For every element x & X there is a functor pr^ : Y\x ^x — > Cx that 
projects onto the x-component. These functors satisfy DxWx — P^wx-^- 
Similarly, there are natural transformations 

v^x ■ n ^ ° (P^S^ ^ P^^) 

X 

satisfying the relation Jx pr^. = pr^^, J. These projections induce maps 
pr^: THR([]C^,J]A^^) ^THR(C^,A^^) 

X X 

for all X, fitting together into a map 

n P^x- Tmi(Y[Cx,llMx) llTllR{Cx,Mx) 

xex XX X 

It is G-equivariant when the target has the following action. Let Y, and Z, 
be simplicial spaces, and fk ■ — > a family of maps such that difk = 
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fk-idk~i and sifk = fk+iSk-i- Then there is an induced map |/| : \Y,\ — > 
\Z\, that sends [y; (to, ■ • • , ^fc)] to [/^(y); (tfc, • • ■ > ^o)]- In our situation the 
maps (-Dx; Jx) satisfy this condition, and induce on reahzation 

(Z),,J,): THR(C,,A^,) ^THR(CA^^,) 

that clearly satisfy [D^^^ Ju^x) ° iDx,Jx) = id. Therefore they induce an 
action on Y\j^ T]iR{Cx, Mx) as defined in 



3.4.7 



Proposition 4.7.2. Suppose that each Cx and Aix is 0-connected, and that 
for every fixed point x € X'-' , both {Cx, Dx) and {Mx, Jx) cl^^ G-connected. 
Then the map 

W pr,: THR(J]C,, J]7W,.) ^ J] THR(C,, 

xeX XX X 

is a G -equivalence. 

Remark 4.7.3. There are two special cases of particular interest. The first 
one is when the family is constant, that is C^^ = C, is a G-connected category 
with duality Dx = D, and Mx = is a G-connected bimodule with duality 
Jj, = J. We denote in this case Hx^i^ = ^'^ Hx -^a; = M-^ . The 
proposition says that the map 

x&X 

is a G-equi valence. In this case the action on the target space 

THR(C,X)^ = Map(X,THR(C,X)) 

is simply conjugation action. 

The other case is when X = {0, 1} is the set with two elements with 
trivial G-action. In this case Cq and Ci are G-connected categories with 
dualities Dq and Di, and the duality on Cq x Ci is diagonal. Similarly for 
the bimodules. Then the proposition says that 

THR(Co X Ci,Mq X Ml) THR(Co,7Wo) x THR(Ci,Xi) 
is a G-equi valence, with the diagonal action on the target space. 



The proof of |4.7.2 below is a straightforward generalization of the non- 



equivariant proof from |DM961 1.6.15]: we build a diagram of G-maps 

THR(nxCx,nx-^-) -nxTHR(C,,X,) (2) 



THR(Vx Cx, \lx Mx) THR(U^ Cx, Wx 
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and we show that the other three maps are G-equi valences. The vertical maps 
essentially because the inclusion of wedges into products is highly connected. 
The lower map is going to admit a G-homotopy inverse. We proceed to define 
the missing objects and maps of the diagram. 

Definition 4.7.4. We define \/xCx to be the category (without identities) 
enriched in Sp^ with objects Ob Vx ~ Tlx with morphisms 

spectra 

(\JCx){a,h) = \/ Cx{ax,hx) 

X x<^X 
Composition sends {g,y) A G {\/ ;xCx{h,c))i A {\/ j^Cx{a,b))j to 

The duality D : (Vx ^2^^)°^ — ^ Vx sends an object a to 

{Da)x = Dui^ttujx 
and a morphism {f,x) £ \/ j^Cx{a,b)i to 

{Dxf G C^x{Dxbx, Dxax)i,u}x) £ \f Cx{D^xbujx, 



x&X 



Similarly define Vx bimodule over Vx given by 

y Mx{a,b) = y Mx{ax,bx) 

X x&X 

with bimodule structure and duality defined by similar formulas as compo- 
sition and duality on \/ ^ Cx ■ 

Remark 4.7.5. Even though \/ Cx does not have identities, one can define 
T}iR{\/ Cx,\/ X -^x) ^ realization of a real pre-simplicial space, that 
is a real simplicial space without degeneracies. 

The inclusion of sums into products defines an enriched functor (i.e. 
preserving compositions) \/ ^ ^x — ^ Y\x given by the identity on ob- 
jects, commuting with the dualities. Similarly, there is a map of bimodules 
Vx -^x — > Tlx commuting with the dualities. This induces an equiv- 
ariant map 



TRR{\/ Cx,\/ Mx) ^ T}iR{Y[Cx,Y[M 

XX XX 
which sits as the left vertical map in diagram (j2]). 
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Definition 4.7.6. Define to be the category enriched in Sp^ with 

objects Ob Y[x = \AxeX ObCx and with morphisms spectra 



(]JC,)((c,x),(d,y)) 



X 



Cx{c,d) \ix = y 
* else 



with composition defined componentwise. The duality D: {Wx^x)"'^ — > 
W^x sends an object (c, x) to 

D{c,x) = {DxC,ujx) 

and a morphism / G (Uj^ Cx)i{c, x), {d,x))i = Cx{c,d)i to 

Dxf G CujxiDxd, Dxc)i = {Y[Cx)i{Dxd,u}x),{DxC,uix))i 

X 

One defines A4x as a bimodule with duality over ^x by similar 
formulas. 

There are no obvious interesting functors between U^C^; and \J ^^x- 
The crucial point is that by definition of the morphisms of Cx there is a 
canonical homeomorphism 

V([\Cx;WMx,i) = \IV{Cx;Mx,i^ 

XX X 

for all i £ I[k\ compatible with the face structure. When i G I\k\'^ , the 
homeomorphism is equivariant. The action on the right hand side is induced 
by the maps {Dx,Jx)- V{Cx;Mx,i) — > V{Cujx; MujxA)- 
The inclusion 



\JV{Cx;Mx,i) ^HviCx^MxA) 



X X 
induces an equivariant map 

THR(]J C; ]J ^ Jl THR(C; M) 



XX X 



which is the right-hand vertical map of diagram ([2| . It remains to define the 
bottom map of diagram ^ 

TRRiy Cx;\J Mx) ^ TRR([[Cx;1[Mx) 

XX XX 
It is induced by the maps 

vC\/Cx;\jMx,i) ^\JV{Cx;Mx,i) 

XX X 
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that send an element {{a^, ■ ■ ■ , a^), {m, xq) A {f^,xi) A • • • A {f^ ,Xj^)), with 
^ Wx ObC^, m G C^o{alo^a^o)io and / G C^;, (4^ , 47^)^, to 

(«> • • • > <)> ^o) A (/I, xo) A • • • A (/^ 2;o)) 



in the XQ-component of Vx ^(fix',-MxA) if ^0 = ^^i 
basepoint otherwise. 



Xfc, and to the 



The proof of 4.7.2 is broken up into the three lemmas below, where we 



prove that the vertical maps and the bottom map in diagram ^ are G- 
equivalences. 

Lemma 4.7.7. The map THR(Vx Cx, Vx THRdlx Cx, Tlx 

is a G- equivalence. 



iWxCx^WxM^) is a 
since Vx ^x and 



4.4.2 



Proof. We prove that the map i\/ x^x,\/ x -^x) — ' 
G-stable equivalence. The result then follows from 
y X -^x are clearly G-connected. 

The functor \J Cx — > Wx ^x is the identity on objects, and therefore 
in particular a bijection. For two objects a, b, the map 

\/ Cx{a,b)i — > Y[Cxia,b)i 



is (2i — l)-connected as inclusion of wedge sums into products of (i — 1)- 
connected spaces. The function 6{i) = 2i — 1 satisfies the condition defining 
a stable G-equi valence. The map 



{\/Cx{Da,a) 



(Yl^xiD^ 



X 



X 



is by 3.4.7 



min{i-l,2(r-l -1) + 1} 



1 



connected. This gives a function 6^{i) satisfying the condition for a stable 
G-equivalence on the fixed points. □ 



Lemma 4.7.8. The map THR(]J^ C^, 

a G-equivalence. 



nxTHR(C,,7W,) IS 



Proof. By the G-approximation lemma, given any n there is an i G I[2k + 1]'^ 
such that the two vertical maps in the following commutative diagram are 
(n, n)-connected 



THR2A;+l(IJ;Sf Cx 



■nmxyiCx;i) 



Ux ^^V{Cx;i) 



Ylx THR2fc+l(Ca; 
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Thus it is enough to show that we can choose i so that the connectivity of 



X X 



is as big as we hke, both non-equivariantly and on the fixed points. By 3.4.7 
the map 

\/V{C,;i)^llV{C^;i) 



X X 

]G 



is at least (2|i| — l,|i| — 1), since for i £ I\2 k + 1]'-' the space V{Cx',i) is 



(|i| ~ 1) + [ ^~^2^° ] — l)-connected by 4.2.2 Therefore when looped down 
by its connectivity becomes 

(Ul - 1, L|J + L^J - 1) 

which can be made arbitrarily big with the choice of i. □ 
Lemma 4.7.9. The map 

TRR{\J Cx, \J M,) THR(]J C., ]J M.) 

XX XX 

is a G -equivalence. 

Proof. The proof will produce a G-homotopy inverse of the stated map. To 
this end we work on the subdivision of THR. which, we remember, in degree 
k is THR2fc+i. We choose an object o = {o^} in \/ Cx which is fixed by D 
(if no such object exists the fixed set of both source and target in 4.7.9 are 



contractible, and we refer to the non-equivariant proof of |DM96| 1.6.15]). 
For i £ I[2k + 1], define a map 

\J V{Cx;Mx,i) ^ V(\J Cx;\J Mx,i) 

X XX 
by sending ((cq, . . . , C2fc+i), m A A • • • A Z^'^+i) G V{Cx;Mx,i) to 

((7(co), . . . , 7(c2fc+i)), (m, x) A (/\ x) A • • • A {f''+\x)) 
where 7(c) is the object of \/ Cx with y-component 



c if y = X 
Oy iiy ^ X 



Since o is fixed by the action, this map is equivariant when i G I[2A; + 1]*^. 
It is a section for the map in the statement, compatible with the structure 
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maps. The other composite l^(Vx Vx ^) — ^ ^(Vx Vx -^^j ^) 
sends 

((aO, . . . , a^'^+i), {m, xq) A (/S xi) A • • • A {f'+\x2k+i)) 

to 

(7(0° J, . . . , 7(4^^). i^^ a-'o) A (/I, xo) A • • • A (Z^'^+i, xq)) if xq = . . . = X2kH 

* else 

Here the notation {f\xi) indicates that /' is a morphism of Cxi- Define a 
map 

XX XX 
as follows. For a = (O^'l^^'^"'^^'') G A[l]jfc with b ^ the map H^^ sends an 
element ((oq, • • . ,02^+1), (m,xo) A (/\xi) A • • • A (/^^■+\ X2A;+i)) to 

(c'^,("^'a;o)A(/\xi)A. . .A(/^''+\x2fc+i)) if xo = . . . = Xf, = X2fc+2-fc = . . . = X2fc+i 

* otherwise 

where c'^ G (O^Dx C'l^)^''^^ is the object 

cf = (7(aS„), . . . , 7«)' • • • ' 7(4^"^)' • • • ' 7(ar ')) 

For 6 = define H^^ = id. The map H preserve the structure maps, and 
each Ha is equivariant if z G I[2k + 1]*^. When b = k + 1 the map checks 
all the indicies xq = ■ ■ ■ = x^+i = x^+i = • • • = X2fc+i and therefore H( — , 1) 
is the composite above. This induces a simplicial G-homotopy between the 
composite and the identity. □ 



4.8 THR of Wall antistructures and Morita invariance 

We give a simpler definition of THR for a Wall antistructure, and we show 
that this new construction is G-equivalent to the definition of §3.6[ 

Definition 4.8.1 ([ Wal70| ). A Wall antistructure is a triple {A, w, e) of a 
ring A, a unit e £ A^ and a ring map w: A°^ — > A such that w{a) = eae^^ 
and w{e) = e~^. 

A Wall antistructure {A,w,€) is the same data as an j46-enriched category 
with one object and non-strict additive duality. Indeed, define a category 
with non-strict duality (A,w,€), where A is the category with one object, 
w : A°P — > A is the duality functor, and the natural isomorphism id =^ w'^ 
is defined at the unique object by the isomorphism e of A. 

Let M be an A-bimodule. Define a bimodule M : A"'^ A — > Ab over 
the category A as the functor that sends the unique object to M, and a 
morphism a (8) 6 to the map 

M{a (8)b): M — > M 
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that sends m to b ■ m ■ a. A non-strict duality h: M ^ M o (cf. [3.6.2 ) is 
precisely the data of an additive map h : M — > M satisfying the conditions 

h(a ■ m) = h{m) ■ w{a) 
h{m ■ a) = w{a) • h{m) 
h'^(m) = e ■ m ■ 

We recall that 7 denotes the twist isomorphism and 

= {w°P w) o A°P A ^ A"P A 

We call a map h that satisfies the properties above a Wall-twisting. As seen 
in ^ 3.6 this induces a bimodule with strict duality (T>M, Dh) on the category 



with strict duality VA (cf. ^1.4[ ). We describe this explicitly. The objects 
of VA are units u G A^ , and the duality sends u to w{u) ■ e. The bimodule 
T>M sends a pair of units {u, v) G T>A°P ® T>A to the abelian group M. The 
strict duality sends m G M = DAf(u, v) to 

'Dh{ni) = ■ h{m) ■ v 

This is isomorphic to the bimodule : A"^ A — > Ab that sends {u, v) 
to the abelian group of pairs 

M'^{u, v) = {(m, m') G M e M\u ■ m = h{m) • v} 

with duality that sends {m,m') G M^{u,v) to {m' ,m) G M^{w{v)e,w{u)e) 
(cf. 3.6.5). One can define 

THR((^, w, e); (M, h)) := TRR{HVA, HM^) 

We compare this construction with THR of the antistructure associated to 



{A,VLi,e) as defined in ^3.6 



Recall from 1.3.2 that a Wall antistructure (A, to, e) also induces an an- 
tistructure (A, A, a) in the sense of ^1.3 with A as underlying ring, A® A- 
module structure on A defined by 

I ■ a®b = w(h) ■ I ■ a 

and involution a : A — > A defined by a{l) = w{l) ■ e. This defines in its turn 
a category with non-strict duality [VA^D^^rf"'') on the category of finitely 
generated projective modules Va- We recall that the duality functor Da is 

L»^P = homA(P,^s) 

where Ag is the module structure on A defined by / • a = w{a) ■ I. The 
abelian group DaP has the module structure defined by pointwise right 
multiplication. The isomorphism ry""^: P — > D\P is given by •rf"''{a){X) = 
w{X{a)) ■ €. 
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A Wall- twisting h : M — > M defines an M-twisting for the antistructure 



(A, A, a = w{—)e) (cf. 2.2.1) by the composite 

h{-ye 



M ^ At®AM 



In its turn this defines a non-strict duality he on the bimodule 
M = homA(-, -®aM): V°/ ®Va — > Ah 



as seen m 
duality 



3.6.3 Strictifying the duality leads to the bimodule with strict 



>VVa 



Ab 



3.6.5 



defined at an object (ip, ip') G DV'^ (8) T^Va as the pairs of module 

;ucl 

Q0aM — Q' 



of 

maps / : P — > P' (g)A M, g: Q' — > Q 0a M such that 

9 



Da{P) ®aM- 



he{f) 



DaP' 



commutes, where he is the duality of 
of this section. 



2.2.6 



The following is the main result 



Proposition 4.8.2. There is a natural G-equivalence 

T}iR{HVA,HM^) — > TRR{HVVa,HM''^) 

In particular, suppose that e £ A^ is in the center of A. Then the Wall 
antistructure is an anti-involution a : A°P — > A and it defines a strict duality 
on the category A. Similarly the Wall-twisting h gives a strict duality on 
the bimodule M : A°P A — > Ab. Composing the map of the proposition 
with the THR-equivalence A VA of [4T6] we obtain the following. 

Corollary 4.8.3. Let a: A°p — > A be an anti-involution on the ring A, 
and h: M ^ M a Wall-twisting. Then there is a natural G-equivalence 

TRR{HA,HM) — > T}iR{HVVA, HM'') 



Let us define the map of proposition |4.8.2| There is a morphism of 
categories with duality (cf. ^1.2[) 



iF,0-{A,w,e)^{VA,DA,r]n 

with underlying functor F: A — > Va that sends the unique object to the 
module At given by right multiplication of A. A morphism a G ^ is sent to 
left multiplication 

F(a) = a-{-):At^At 
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The natural isomorphism ^: Fw =^ Dj^F is defined at the unique object by 
the isomorphism 

DA{At) = liomA{At,As) 
that sends 1 to w. The pair (F, ^) induces a functor 

V{F, O'-T^A^ VVa 



that commutes strictly with the duality (cf. 1.4.4). Explicitly, it sends an 
object u G ObVA = A"^ to the object {At, At, i o F{u)) of VVa, where 

e o F{u) : At DA{At) = homA(Ai, A,) 

is the isomorphism the sends a to w{—) ■ ua. There is also a map of bimodules 
$ : M ^ M o [F°^ ® F) defined at the unique object by the isomorphism 

$ : M — y hom^(At, At ®a M) 

that sends m to ^{ra){a) = \ ®m-a. This induces a morphism of bimodules 

V^ : =^ M^' o {V{F, V{F, ^)) 

defined at an object {u, v) G ObVA"P (^VA = A"" x yl^ by 



V^{m,m') = {^{m),^{m')) 



It is well defined since 



At^ 

u-(-)®M 

At ®aM 

w-(-)®M 

DA{At 



At 



^{h(m)) 



v-i-) 



M 



-At 
DAAt 



commutes. The morphism of bimodules with duality 

{V{F,C),V<S>): {VA,M^) — > {VVa,M^^) 



induces the map of the statement of 4.8.2 We prove that this map is a 
G-equivalence by following the structure of the classical proof of |DGM12] 
IV-2.5.14]. 
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Proof of 4-8.2 We factor the map induced in THR, and we prove that each 
of the maps of the factorization is an equivalence. Let Mn{A) be the ring 
of n X n matricies on A. There is a Wall antistructure {Mn{A),w{—)'^,e), 
where w{N)'^ denotes the matrix obtained by applying w to the entries of the 
transposed matrix A^-^, and e is the diagonal matrix with entries (e, . . . , e). 
The abelian group M„(M) defines a bimodule on Mn{A), and 

h{-f: Mn{M) — > Mn{M) 

defines a Wall-twisting on M. There is a map 

{^A,M) {Mn{A),Mn{M)) 

that includes an element a of A as the diagonal matrix (a, 1, . . . , 1), and 
similarly on the bimodule. It commutes strictly with the dualities, and 
therefore it induces a map 

(VA,M^) {VMn{A),Mn{Mf'') 

Now let J- A C Va be the category of finitely generated free right A-modules, 
and the full subcategory of Ta of free modules of rank less than or equal 
to n. Clearly the duality on Va restricts to both Ta and -F^. There is a 
functor G: Mn{A) — > that sends the unique object to and a matrix 
to the map 

iv-(-): ^r^^r 

The isomorphism 

c: Ar^^A(Ar) = hom^(Ar,^.) 

that sends a = (ai, . . . ,a„) to C(^^)(^) = (^^(^i)^! + • • • + w{bn)an) defines a 
morphism of categories with duality 

(G,C): {M4A),w{-f,e) {T2,DA,vn 
inducing a functor 

P(G,C): VMn{A)^VrX 

that commutes strictly with the dualities. Doing similar constructions on 
bimodules we obtain a diagram 

TRR{HVA; HM^) — ^^gg^^ > colirn^ THR(ifPM„(A); HMn{Mf'^) 



cofinality 
coIim„ THR(FPJ"^; HM^^ 



TBR{HVVa] HM^^) ^ ^ TBR{HVTa; HM^^) 

cofinality 
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The labeled maps are equivalences by the referred results, proved below. The 
maps in the colimit for Mn{A) are induced by the inclusions Mn{A) — > 
Mn+i{A) that add a 1 in the bottom right corner of the matrix and zero 
elsewhere. If we want the maps Mn{A) — > T\ to commute with the sta- 
bilization maps, we need to define the stabilization maps for by sending 
a module P G J-^l to P © ^ G -^^^) ^^"^ extending the morphisms by the 
identity on A (it is not the standard inclusion F"^ — > J-^^). 

The right bottom vertical map of the diagram is an equivalence because 
the colimit commutes with the realization, with the homotopy colimit defin- 
ing THR, and with the loop space (cf. [ DGM12| A- 1.5. 5]). Finally, the 
canonical map 

colim V{HVFl; HM^\i) ^ V{HVFa; HM^\i) 

n 

is a homeomorphism, commuting with the duality. 

We show that the diagram commutes up to G-homotopy, by proving that 
for any given n > 1 the diagram 

TYm,{HVA;HM^) ^ THR(i?PM„(A);FM„(M)'''^) 

commutes up to G-homotopy. The upper composite is induced by the mor- 
phism of categories with duality 

{Fn,in): {A,w,e) ^{Va,Da,v''1 
where Fn sends the object to Af and a morphism a to the diagonal matrix 

a ©id: A'l A"} 

and '■ A^ — > DaA^ is the isomorphism C, above. We construct a G- 
homotopy by means of a natural transformation 

S: V{F,i)^V{Fn,in) 

It is defined at an object u E OhVA = A^ by the morphism of T)Va given 
by the pair 

(^i,At^A^,p:A^^At) 

where i denotes the inclusion in the first coordinate and p the projection off 
it. This is a well defined morphism since 



?°{«-{-)) 



5„o(neid-(-)) 



DaAi ^ DaAV 
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commutes. The dual map D{S) is {p,i), and therefore D(S) o S = id and 
SoD{S)oFn{a) = Fn{a). This shows that S" is a G-natural transformation in 
the sense of |4.1.3[ and therefore by 4.1.4 it induces a simphcial G-homotopy 

sdeTRR.{HVA;HM^) x A[l] — > sdeTmi.[HVV a] H M^^) 

between the subdivisions of T){Fn,in) and T){F^^). □ 

We want to show that the inclusion T>A — > T>Mn{A) induces a G- 
equivalence in THR. This is true in greater generality. Let (C, D, rj) be an 
746-enriched category with additive duality. Define a category Mn{C) for 
every integer n > 1 with objects OhC^ and morphisms from c = (ci, . . . , c„) 
to d = (di, . . . , dn) the abelian group 

Mn{C){cA)= C{Ci,dj) 
l<i,j<n 

Composition of [/] = {fij}: c — > d and [g] = {gij}- d — > e is defined by 

n 

{[9] ° [f])ij = "^Okj o fik 
k=l 

Mn{C) inherits the structure of a category with duality {Mn{C) , D , r]) with 
D defined on objects by 

D{c)i = Da 

and on morphism by sending [/] : c — > d to 

{D[f])ij = {[Dff)ij = Dfji-. Ddi Dcj 

The isomorphism r]c '■ Q — > D^c is the diagonal matrix with diagonal entries 
(rjci , • • • , r]c„)- If C has an object o and an isomorphism : o — > D{o) such 
that Di' o rj = I', there is a morphism of categories with duality 

that sends c to (c, o, . . . , o) and / : c — > d to the diagonal matrix with entries 
(/, ido, . . . , ido). The isomorphism ^ is defined at c G C by the diagonal 
matrix 



: ioDc = {Dc, o, . . . ,0) — {Dc, Do, . . . , Do) = DlqC 

with entries (id, 1^, . . . ,1^). A similar construction gives a bimodule with non- 
strict duahty Mn{M) over M„(C) and a map M ^ M„(M) o {C^ (g) Lo) 
preserving the dualities. 



106 



Proposition 4.8.4 (Morita invariance). The induced map 

V{io, 0* : TYm.{HVC, HVM) THR(i/PM„(C); HVMn{M)) 
is a G-equivalence for every n > 1. 
Proof. The functor 'D{lo,£,) factors as 



■VMn{C) 



VC 



Mn{VC) 

where the vertical map is the inclusion of the category VC for the fixed 




object v. — > Do, which induces an equivalence in THR by lemma 4.8.5 
below. The diagonal functor is the following equivalence of categories. An 
object of Mn(T>C) is a n-tuple ip = {ipi = (cj, di, (pi)} of objects of DC. The 
functor F sends if to the object (c, d, F{(j))) of PM„(C) with c = (ci, . . . , c^), 
d = (di, . . . , dn) and 

F{f) :d^Dc 

defined as the diagonal matrix [(/>] with entries . . . , A morphism in 
Mn{T>C) from to ip' is a family of pairs {(a.y, bij)} such that every {uij, bij) 
is a morphism from ip. to ip[ in DC. This is the same as a pair of matricies 

[a]: c — > c' and [bf: d! — > d such that £'[a]'^[^'] = [(t)\[b]^ ■ Define F on 
morphisms by 

F([a],[6]) = ([a],[6n 

The functor F is clearly full and faithful. Let us see that it is also essentially 
surjective. An object of DMn{C) is a triple (c, d, A^) where A^: d — > Dc is 
an invertible matrix. This is isomorphic to F{c, Dc, id) via the isomorphism 
(id, Af-i). Indeed, the dia gram 



d- 



N~ 



N 

V 

Dc 



D(id)^=id 



Dc 
id 

Dc 



commutes. Thus F is an equivalence of categories that commutes strictly 
with the dualities. By |4.1.7 it induces an equivalence on THR. □ 



Lemma 4.8.5. Let {C,D) be an Ab-enriched category with strict additive 
duality, M a bimodule with strict duality on C and o £ C an object fixed by 
the duality. The inclusion Lq: C — > Mn{C) induces a G-equivalence 

THR(ifC; HM) — > THR(i7M„(C); HMn{M)) 



for all n > 1. 
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Proof. Define M^{HC) as the S'p^-enriched category with objects ObC"^ 
and morphism spectra 

M:i{HC)ic,d)= V HC{c.,d,) 

l<i,j<n 

Composition is induced by the maps 

l<i,j<n l<l,h<n l<l,h<n 

that send f /\g e HC{di,ej)p A HC{ch,di)q to f o g £ HC{ch,ej)p+q \il = i 
and to the basepoint otherwise. It has a duality that sends c to {Dc)i = Dci, 
and a morphism / in the wedge component of M^(HC){c,d) to Df in 
the (j, i) wedge component of M^{HC){Dd, Dc). The functor Lq factors as 




HMniC) 

where the vertical map is induced by the inclusion of wedges into direct sums. 



It is a stable G-equivalence by 3.4.7 and it induces an equivalence in THR 
by 4.4.2 The horizontal map So sends an object c to (c, o, . . . , o) and it is 
the inclusion in the (1, l)-wedge summand on morphisms. We show that Sq 
induces an equivalence in THR. Consider the maps 

V{M^{HC);M'^{HM),i) — > V{HC]HM,i) 

that sends an element 

(m, {lo, ho)) A (/i, (^1, hi)) A • • • A (/fc, {k, hk)) 

into m A fi A ■ ■ ■ A fk Iq = ho = li = hi = ■ ■ ■ = Ik = hk and to the base 
point otherwise. Here the notation (/, (/, /i)) indicates that / belongs to the 
{I, h)-wedge component of the morphism space. This induces a G-map 

Trfc: TRRkiM^{HA);M^{HM)) — >TRRk{HA-HM) 

that is clearly a retraction for So- A construction analogous to the proof 



of 4.7.9 defines a G-homotopy on the subdivisions between Sq o Tr and the 
identity. For the non-equivariant construction one can see |DM96[ 1.6.18]. 

□ 

Definition 4.8.6. A full subcategory i? C C is called cofinal if for every 
object c G C there is an object r(c) G B and maps in C 

c ^ ' r(c) 

Pc 
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with pcoif. = idc- 

Let (C, D) be a category with strict duahty and B C C a full subcategory 
closed under the duality. The category B is G-cofinal in C if it is cofinal, 
and if for every object c E C with c = Dc, there is a r(c) G B satisfying 
Dr(c) = r(c) and an inclusion ic'. c — > r(c) with D{ic) oic = idc- 

Example 4.8.7. If C is the category of finitely generated projective A- 
modules Va-, we may take B to be the subcategory category of finitely gen- 
erated free modules Ta- Then Ta is cofinal in Va and T>Ta is G-cofinal in 
VVa- Indeed, let ip = {P,P,(p) be an object of VVa fixed by the duality 
and choose an ^-module Q so that P®Q = A^. Then one can take r{ip) to 
be the object 

r(v?) = {P®Q®DQ®DP, P®Q®DQ®DP, r((/))) 
of VJ^A, where r(^) is the isomorphism 

P®Q®DQ®DP ^— > DP®DQ® D^Q D^P 

D{P®Q®DQ®DP) 

The map i: cp ^ r{ip) is the pair of the inclusion and projection of 

the P summand of P © Q © DQ © DP. Then 

D{ii,pi) o = o {ii,pi) = ipioii,pio ii) = id 

Similarly, the inclusion of Mn{A) in is cofinal, and the inclusion of 
VMn{A) in is G-cofinal. 

Proposition 4.8.8 (Cofinality). The inclusion of a G-cofinal subcategory 
with duality B G C defines a G -equivalence 

TRR{HB, Hl*M) — > THR(i7C, HM) 

where t*M denotes the restriction of the bimodule M to the subcategory B. 

Proof. We choose a duality preserving retraction r: C — > B for the in- 
clusion functor l: B — > C and natural transformations i: id =^ rt and 
p: ri ^ id, as follows. If 6 G -B, take r{b) = b and define ib = Pb = idfe. If 
Dc = c, we choose a self dual r{c) £ B , an inclusion ic ■ c — > r(c) and define 
Pc = Die- We have left to define (r{c),ic,Pc) for all c G C\B with Dc ^ c. 
Choose a representative of each orbit under D, and define (r(c), ic,Pc) arbi- 
trarily for these representatives. Then set r{Dc) = Dr{c), ioc = Dpc and 
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P£)c = Die- The retraction r: C — > B is defined on objects by sending c to 
r(c) as notation suggests. A morphism /: c — > d is sent to the composite 



r(c) - 
I 

r{f)\ 
Y 

r(c') 



This defines a pre-functor: r preserves compositions but not identities. Sim- 
ilarly there is a map of bimodules M =^ i*M o {r°^ (g) r) defined at a pair 
(c, d) by 

M(pc, id) : M(c, d) — > M{rc, rd) 

The induced map r: THR. (iJC, iJM) — > TRR,{H B , H l* M) is a map of 
pre-simplicial spaces (i.e. it preserves the face structure) that commutes 
strictly with the involutions. It therefore induces a G-map on the realization 
(recall that we are using the thick realization). By construction r satisfies 
r o i = id. The inclusions v define a natural transformation z : id =^ t o 
r. By construction Dioc = Pc and therefore this natural transformation 
satisfies Di^c o ic = idc and o DiijcO r{f) = r[f). Thus i is a G-natural 
transformation in the sense of 4.1.3 and by |4.1.4| it induces a pre-simplicial 



G-homotopy 

sdeTmi,{HC;HM) x A[l] — > sdeTB.R,{HC; HM) 
between the identity and tor. □ 



4.9 THR of triangular and diagonal matricies 

Suppose that C is a category enriched in abelian groups, D a strict additive 
duality on C, and (M,J) a bimodule with duality over {C,D). Also, let 
(X, <) be a finite poset with involution uj reversing the order. By this we 
mean that the involution u extends to a strict duality on the associated 
category w: {X, <)°p — > {X, <). 

Definition 4.9.1. The category of triangular X-matricies on HC is 

the category HC enriched in Sp^ with objects ObT^HC = Oh{HC)^ 
and morphisms spectra 

T^HC{a,b)= HC{a,,by) 

x<yeXxX 

Composition sends /' A / to 

(/ ° f')x<y = ^ fj<y o f'x<j 
x<j<y 
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This uses that HC{ax,by)i = C{ax,by) (X'Z(5'*) is an abehan group. There 
is a duahty D : {T^HC)°^ — > T^HC that sends an object a to 



{Da)x = Duu 
and a morphism / G HC{a, b)i to 

Define T^HM to be the bimodule over T^HC 

T^HM{a,b)= HM{ax,by) 

x<yeXxX 

with bimodule structure and duahty defined in a similar way as for HC. 

Recall that for an S'p^-category with duality C, we write Ylx ^ ~ ^ ^° 
that H{C^) = (HC^). There is an equivariant functor Trx : T^HC — > 
HC^ that is the identity on objects, and sends a morphism {fx<y^ £ 

HC{a,b)i to its diagonal 

Trx(/)x = fx<x 

This functor admits an equivariant section mx- HC^ — > T^HC that is 
the identity on objects, and sends / G HC{a, b)i to 



m{f)x<y 



fx x=y 
else 



Similarly there are maps of bimodules HM — > HM^ and HM^ — > 
T^HM. These induce equivariant maps between T'SK{HC^ ,HM^) and 
Tmi{T^HC]T^HM). The goal of this section is to prove the following, 
that generalizes |DM96| 1.6.20] to the equivariant setting. 

Proposition 4.9.2. The map 

Trx: TYm,{T^HC;T^HM) — > Tmi[HC^ ,HM^) 
is a G-homotopy equivalence with homotopy inverse mx- 

Remark 4.9.3. One can define a category enriched in abelian groups T^C 
with objects ObC^ and morphisms 

r^C(a,6)= C{ax,by) 

x<y£XxX 

with similar composition and duality. The canonical isomorphism 
( C{ax,by))^Z{S')^{ C{ax,by)0Z{S')) 

x<yeXxX x<yeXxX 
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gives an isomorphism HC = HT^C respecting the duahties. One can 
also define similarly maps between C'^ and T'^C, inducing maps between 
H{C-^) and HT^C, corresponding to mx and Trx under the canonical 
isomorphisms H{C^) ^ (HC)^ and HT^C ^ T^HC. 

Remark 4.9.4. For a general category C enriched in Sp^, our construction 
does not make sense since we use the group structure on the morphism 
spectra when we define composition. One usually defines T^C by the spectra 

r^C(a,6) = J] \/C{a„by) 

j/eX x<y 

In the case of HC, the inclusion of wedges into products gives a stable 
equivalence between these two constructions. There is however no obvious 
way to define a duality on T^C. 



The proof of 4.9.2 is very close in spirit to the proof of 4.7.2 and follows the 
non-equivariant proof of |DM96i 1.6.20]. In particular, we want to exchange 
products with wedges. For this purpose we define the following category, for 
a general {C,D) enriched in Sp^. 

Definition 4.9.5. The category T^C has objects ObT^C = ObC^ and 
morphisms spectra 

T^C{a,b)= y C{a^,by) 

x<y<aXxX 

Composition sends (/', x' < y') A (/, x < y) to 

{f,x<y)oif,x'<y') = [[^°^'^^'^y^ 2'^' 
There is a duality D : {TyC)"^ — TyC that sends an object a to 

and a morphism (/, x < y) £ TyC{a, b)i to 

{Df,ujy < ujx) £ C{Dby,Dax)i C \/ C{Db^y, , Da^x')i 

x'<y' 

If is a bimodule on C with duality J, define T^Ai to be 
r^X(a,6)= V M{a^,by) 

x<yGXxX 

with bimodule structure and duality defined similarly. 
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There is a functor \/ C — > TyC commuting with the duahties, given 
by the identity on objects, and sending (/, x) £ Yj(^C(a,6)j to {f,x < x). 



Proposition 4.9.2 is a direct corollary of the following. 



Proposition 4.9.6. There is a commutative diagram of equivariant maps 
TIIR{HC^;HM^) "'^ ^ TE.R{T^HC; T^HM) 

A A 

THR(Vx HC; Vx HM) ^ TY{R{T^HC; T^HM) 

where the vertical maps and the bottom map are G- equivalences. 



Proof. We proved in 4.7.7 that the left vertical map is an equivalence. By 
3.4.7 the right vertical map is a G-equivalence since the inclusion of wedges 
into products defines a stable G-equi valence. 

We prove that the bottom map is an equivalence for a general C, by 
defining a G-homotopy inverse for the levelwise maps 

d: Tmi2k+i{\l C;\l M) ^Tmi2k+i{T^C-T^M) 

X X 

We prove this by defining for every i G I [2k + 1] a map 

Tr: ViT^C-T^M,i) ^ Vi\/ C;\/ M,i) 

X X 

compatible with the structure maps. It sends 

((a°, . . . , a^'^+i), (m, xq < yo) A (/\ xi < yi) A • • • A {f^''+\x2k+i < y2k+i)) 
where a' G ObC^ , m G M{al^,al^~^^) and f £ C{al^,a'-~^) to 

((a° . .,a2'=+i),(m,xo)A(/Vo)A. . .A(/2'=+\xo)) if xo = yo = xi = . . . = y2fe+i 
* else 

Notice that we do not just compare xi with yi, but we look at all the indicies 
together. The composite Trod: V{\J xC]\l x M]i) — > V{\J ^C^M x M]i) 
sends 

((g°, . . . , a^^+i), (m, xo) A (/\ xi) A • • • A X2fe+i)) 

to itself if xq = • • • = X2fc+i, and to the basepoint otherwise. A G-homotopy 
between this map and the identity, is induced by the maps 

H: V(\JC;\jM;i)>iA[l]k^Vi\JC;\jM;i) 

XX XX 
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defined for an a = (0**, 1^^+^ ^) G by sending an element as above to 

itself if 

Xq = ■ ■ ■ = Xb = X2k+2-b = • • • = X2k+l 

and to the basepoint otherwise. 

The other composite c? o Tr sends an element 

((a°, . . . , a2*^+i), (m, xq < yo) A {f\xi < yi) A • • • A {f''+\x2k+i < y2k+i)) 

to itself if xo = yo = xi = ■ ■ ■ = y^k+i and to the basepoint otherwise. 
A G-homotopy is defined at cr = (O'', 1*^+1-^) g A[l]fe by sending such an 
element to itself if 

Xq Xi X2 ...Xb-i Xb X2h\-2-b X2k-\?r-b ■ ■ ■ X2k X2kH = yo 

X2k+i = 2/0 yi 2/2 • • ■ yb-i Vb y2h\-2-b y2k\^ ■ ■ ■ y2k y2kH 

and to the basepoint otherwise. Notice the missing equality sign in the 
middle of the expression. The symmetry of this relation shows that the 
map is equivariant for every fixed a, and one can check that it preserves the 
structure maps. It therefore defines a simplicial map on the subdivision 

H: TRR2k+i{T^C;T^M) x A[l]k THRsfe+i (T^C; T^TW) 

When 6 = the table above is no condition, and therefore H(—,0) = id. 
When b = k + 1, the table gives that 

xo<yo = X2k+i < y2k+i 

and also 

xo = yi>xi=y2>--->X2k = y2k+i 

Therefore xq = y2k+i, and this forces all the indicies to be equal since xi < yi. 
This shows that H{-, 1) is d o Tr. □ 

4.10 THR of the ^.^'^-construction and S'.^'^-construction 

Let (C, D, 8) be an exact category with strict duality, and M : ® C — > 
Ab a bimodule over C with duality J : M ^ MoD^. To simplify the notation 
we drop the Eilenberg-MacLane construction, and we denote 

THR(C; M) = THR(ifC; HM) 

We are going to extend (M, J) to a bimodule with duality 

Mfc: Sl'^C"P ^ Sl'^C ^ Ab 

for every k > 0, and then express THR(S'^'^C; Mk) in terms of THR(C; M). 
We will do a similar construction for S'Mc. 
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Given X,Y £ S^/C we define Mfc(X, Y) as the sub group 
Mk{X,Y)c M{Xe,Ye) 

defined by the following condition. For each a: p — > 6 in Cat([2], [k]) we 
have X(a) : Xp — > Xq and Y[a) : Yp — > Yg and hence 

M{Xg,Ye) ^* M{Xp,Ye) M{Xp,Yp) 

The requirement for {mg}Q^c'at{[2],[k]) ^ Mk{X,Y) is that 

X{ay{me) = Y{aUmp) 

for all a: p — ^ 6* in Cat{[2], [k]). A morphism {(p: X' — > X)(S,{ij:Y — > 
Y') in {Sl'^C)°P (g) Sl'^C is sent to the restriction to Mk{X,Y) of the map 

0eCat{l2],lk]) 9eCat{l2],lk]) 

The bimodule carries a duality J: =^ o D^, given by restricting 
to Mk{X,Y) the map 

M{Xe,Ye) M{DYg,DX^) 

eecat{[2],[k]) eeCai([2],[fc]) 

Example 4.10.1. Let A be a ring, M an ^-bimodule, and J an M-twisting 



of an antistructure {A,L,a). Recall from ^3.6 that this data defines a br 



module with duality M"' on Wa- The induced bimodule on S^^Wa 
associates to two diagrams of triples = (X, y, (/>) and ip' = {X' ,Y' ,(p') 
the abelian group M^{ip, ip') of pairs of natural transformations of diagrams 
{f:X — > X' (g>AM,g:Y' — yY(g>AM) such that 

Ye ®A M ^ DUXe) 0a M 
9e J(fe) 
Ye ^Dl{X',) 

commutes for all 9. Indeed, the condition defining as a subset of the 
direct sum ^ {X0,Yq), is exactly naturality for the families {/e} and 
{ge}- The induced duality on exchanges / and g. When ip = ip' wq 
recover the abelian group 

Ml{ip, ip) = homA((/J, p ®A M) 

of theorem 12.3. 11 
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A completely analogous construction defines from (M, J) a bimodule 
with duality on S^'^^C, still denoted M^. 

We denote S}'^ and Sj'^ the simplicial spheres S} and with action 
induced by conjugation action on Cat{[k], [n]), for n = 1, 2. Recall that this 
action sends an element a : [k] — > [n] to 

a{l) = n — a{k — I) 

If we denote an element of Cat{[k], [n]) by a sequence (zq < • • • < ik) of 
integers < i/ < n, the involution is 

{n - ik < ■ ■ ■ < n - io) 

For a pointed G-set X and a pointed G-space Y we denote by Map^ {X, Y) 
the space of G-maps with G acting by conjugation. 

Proposition 4.10.2. Suppose that {C,D,£) is a split-exact category with 
strict duality, and (M,J) a bimodule with duality over {C,D). There are 
G- equivalences 

TRR{Sl'^C-Mk) Map,(5^'\THR(G;M)) 

and 

TRR{Sl^C;Mk) Map,(5^'\ THR(G; M)) 
for every k >0. 

Before proving this result, we discuss an interesting consequence. 

Corollary 4.10.3. There is a G-homotopy between the two equivariant maps 

di {do + d2) ■ THR®(52'^G; M2) THR® (G; M) 

where d-i denote the face functors for S}'^C and THR® is the abelian group 
model from 



Proof. The equivalence 
THR(52'^G;M2) Map,(52'\ THR(G;M)) =THR(G;M) x THR(G;M) 



of 4.10.2 is given by the map (^2, do) as explained below. The action on the 
target swaps the two components and applies the involution of THR(G; M). 
By 4.5. 1[ the map 

(d2,do): THR®(S2'^G;M2) THR®(G;M) x THR® (G;M) 

is a G-equivalence as well. The map S2 P^i +So Pi'2 equivariant section 

for {d2,do), where Sj denotes the degeneracy functors. Indeed 

(^2, do) o (s2 pr^ +so pr2) = (^2^2 pri +^2*0 pr2, doS2 pri +doSo PV2) 

= (pri +0,0 + pr2) =id 
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Since {d2, do) is an equivalence, S2 pr^^ +sq must be a G-homotopy inverse. 
Therefore the maps of the statement are G-homotopic if and only if the 
composites 



S2pri 

+ 

THR®((7; M) x TRR®{C; M) THR®(52'^C; M2) 



are G-homotopic. These are in fact equal, since 



di 



do+d2 



THR® (G;M) 



[do + d2) o {S2 Wl +S0 W2) = doS2 Wl +doSo pV2 +^252 Pri +^2^0 pr2 

= pr2 + P^i 

and the other composite is 

di o (s2 pr^ +so pr2) = diS2 pr^ +diSo pv^ = pr^ + prg 



□ 



We start the proof of 



4.10.2 



with the statement for for Sj^'^C. Let 



d: Sl'^C C^i'"\* = Map,iSl'\C) 

be the functor that sends a diagram X : Gat([l], [A;]) — > C to its diagonal, 
that is to 

Similarly, there is a natural transformation =^ M^k \* o (g) d) given 
by the restriction to Mk{X, Y) of the projection onto the diagonal 



i<j 



j<i+l) ^<fi+l 



l) 



This induces on THR the map 

THR(S'^'^G;Mfc) — > TRR{C^k^\*; M^k\*) ~ THR(G; M) 



from the proposition, after composing with the equivalence of 4.7.2 There 
is a linear order on S^'^\* that is reversed by the duality. It is defined by 
declaring 

a = (On^'+i-^) <a' = (On'^+i-^') : [k] [1] 

for S'^'^C is a direct corollary of the fol- 
THR sends equivalences of categories to 



4.10.2 



if J < i- The proposition 
lowing statement, since by 4.1.7 
G-equi valences . 
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Proposition 4.10.4. The map d: {Sl'^C,Mk) — > {C^k'\* , M^k'\*) ex- 
tends to a commutative diagram of morphisms of bimodules with duality 



Tr 



where Tr is the THK- equivalence of \4.9.S\ Moreover if the category C is 
split-exact, the functor F is an equivalence of categories with duality, and $ 
an isomorphism of bimodules with duality. 

In order to define the functor F of the proposition we need a remark on 
the choice of sums in an additive category C. 

Remark 4.10.5. A sum for two objects c and d of C is an object c d of 
C with maps 



Pd 



d 



satisfying pJc = idc, pdci = idd and i^Pc + idPd = idced- Since C is additive, 
a sum exists for every pair of objects and it is both a product an a coproduct 
for c and d (cf. |ML98[ VIII-2.2]). Since D is an additive functor, it preserves 
sums, i.e. if c©c? is a sum for (c, cZ), the object D{c®d) is a sum for {Dd, Dc). 
This means that for a functorial choice of sums © : C x C — > C, there is 
canonical natural isomorphism Kc^d- Dd © Dc — > D{c © d). Moreover by 
the universal property of sums it follows that the diagram 



•d- 



D^d 



VcS)d 



D^iced) 



D(Kc^d) 



I^Dd,Dc 

D{Dd®Dc) 



commutes. This is exactly saying that the pair (©, k) : C x C — > C is a 
morphism of categories with duality, where C x C has the duality that sends 
(c, d) to {Dd,Dc). Therefore the induced functor 

© : PC X PC ^ V[C X C) — >VC 

commutes strictly with the duality, i.e. it satisfies !?((/>© "0) = Dip © Dep. 
Moreover this is a choice of sums for the category VC. Since the inclusion 
C — > DC induces a C-equivalence in THR by [4.1.6 by replacing C with 



DC we can assume that there is a choice of sum on C satisfying D{c® d) = 
Dd®Dc. 

Notice that a similar argument with the duality D x D on C x C defines 
a sum on DC with the property D{(f) (B ip) = D(j) © Dil). 
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Proof of \4. 10-41 Let us denote T^' C := T fc the category of triangular 
matricies. Recall that an object of T^'^C is family of objects a = {aa-} of C, 
one for each a: [k] — > [1] in S'^'^\*. A map from a to 6 in T^'^C is a family 
of maps / = {fa<a'} of C, one for each pair of elements a < a' of S'^'^\*, 
with 



fa<a' '■ 0(7 



Define the functor F : T^'^C 



• S'^'^C by sending an object a to the diagram 
F{a)i<,j = «(7 

where (t){ij) is the ordered set </>(u) = {(0 ^+^^- ^) < ••• < 
and © is a functorial choice of sums like in 4.10.5| The maps of F{a) are 
inclusions and projections of the direct summands. A morphism {/o-<o-/} is 
sent to the natural transformation F{f) defined at z < j by the map 

having (o", cj')-component /o-<o-' if o" < a', and zero otherwise. 

We show that F is an equivalence of categories when C is split-exact. 
Choosing splittings for the exact sequences in a diagram gives an 

isomorphism between Fd{X) and AT, showing that F is essentially surjective. 
For every a, 6 G T^'^C the map 

F:T'/C{a,b)- 



Sl''C{Fia),F{b)) 



is clearly injective. To see that it is surjective, we need to show that if 
/: F{a) — ?■ F{b) is a natural transformation, the matrix 

fi<j '■ ^3 '^cr > ba- 

has zero (a, cr' )-component if o" > a', that is if o" = (O'l^'"^^"') and a' = 
^Qh-^k+i-h^ with I < h. By naturality of / the diagram 



a„ = F(a)/_i<i 

fl-Kl 

= F{b)i^i<i ■ 



■F{a)i^j 

fi<j 

-FibUj 



a„i = F{a)h-i<h 
fj<k 



nb)h- 



Kh 



commutes, where the horizontal maps are inclusion and projections of direct 
summands. The {a, cr') -component of /j<j is the composite from the top left 
corner to the bottom right corner, which is zero. 
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The functor F commutes strictly with the duahties, since by 4.10.5 



F{Da)i<j= Da^ = D{ a^) = {DF{a))i<j 

ae<t>{ij) a&^{k-j,j-i) 

The map of bimodules $ : T^'^^M ^ Mfc o (F°P F) is defined as follows. 
Since M is an additive functor, there is a canonical natural isomorphism 

i-i 

0M(F(a),<„F(6),<,) - Miai+,,bh+i) 

i<j i<j l,h=i 

and Mk{F{a), F{b)) is by definition a subgroup of the left hand side. Using 
a similar argument as for the surjectivity of F on morphism, one can show 
that an element m belongs to Mk{F{a), F{b)) if and only if its components 
in the right hand side of the isomorphism above satisfy 

'mi<j,l,h = fni'^ji^i^h 

whenever < l,h < j — — 1, and nii^j^i^h = whenever / > h. That 
is, the isomorphism above restricts to an isomorphism 

Mk{F{a),F{h)) C e,<^.M(F(a)i<„F(6),<i) 



and we remind that T^'^M is defined by 



Tl'^M{a,b) = ^M{ai,bh) 



l<h 

By naturality, the isomorphism $ preserves the dualities. □ 



The idea for the proof of 4.10.2 for S^'^C is completely similar. The 



functor 



is not quite a projection this time, but it has a similar function. Given a 
diagram X G S'^'^C and a surjective a: [k] — > [2], the cr-component of d{X) 
is defined by 

d{X)f^ = ker(Xj_i<i_i+j<j_|_j — y Xj<j_i4_j<j+j) 

where a = (0*l-'2'^+^^'^''). Notice that a kernel for this map exists, since it 
is the last map of the 4-terms exact sequence of X associated to the element 
(i— 1 <i< i—l+j < i+j) of Cat ( [3] , [A;] ) . The functor d sends a morphism to its 
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restrictions on the kernels. One can do a similar construction on bimodules. 
On THR, this gives an equivariant map 



TRR{C^k\*-M^k\*) ~ THR(C;M) 



after composing with the equivalence of 4.7.2 As previously, we prove that 
this is an equivalence by extending it to the category of triangular matricies 
on The set can always be displayed as illustrated here for 

fe = 5 



000012 



000112 



000122 



001112 



001122 



001222 



011112 



011122 



011222 



Y 

012222 



This gives 'S'^'^\* a partial order reversed by the duality, since the involution 
flips th e diagram along the "bottom left to top right" diagonal. Proposition 
for S'^'^C is a direct consequence the following statement, since by 
'HR sends equivalences of categories to G-equivalences. 



4.10.2 



4.1.7 



Proposition 4.10.6. The functor d : {Sl'^C,Mk) — > {C^k^\* , M^k^\*) ex- 
tends to a commutative diagram of morphisms of bimodules with duality 




where Tr is the THK- equivalence of \4.9.2\ Moreover if the category C is 
split-exact, the functor F is an equivalence of categories with duality, and $ 
an isomorphism of bimodules with duality. 



2 1 *^ ' \ 

Proof Let us denote T^,' C := T ^ \*C the category of triangular matricies. 

2 1 

■ S,' C is defined as follows. For an injective 



The functor F: T^'^C 



k 

.2,1^ , o2,l 



9: [2] — > [k], denote 



r{e) = {p:[k]^[2]\poe = id[,]} 
the set of retractions of 6. On objects, F sends a = {up} G T'^'^C to 

F{a)e = ap 

per(0) 
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On morphisms, a matrix {fp<p'} ■ a — > b is sent to the natural transforma- 
tion given at a 6: [2] — > [k] by the map 



having (p, p')-component fp<p' if /C < p' , and zero otherwise. Notice that the 
functor F for S^'^C can also be defined in terms of retractions by similar 
formulas. It commutes strictly with the duality, since by |4. 10.5] 



F{Da)e = ®p^ri9) Da^jp = ^(0p/er(^e) Op/ ) 
= DiF{aU) = {DF[a))e 



The map of bimodules $ is defined in an analogous way as in 4.10.4| 



The functor F is an equivalence of categories with duality when C is split- 
exact. We sketch the argument from [HM12j. Choosing splittings for the 

2 1 

exact sequences in a diagram X G 5^' C gives an isomorphism X = Fd{X), 
showing that F is essentially surjective. F is clearly faithful, and to show that 
it is full one needs to show by diagram chase that morphisms F(a) — > F{b) 
in S'^'^C have zero (p, /9')-components if p' > p. A similar argument shows 
that the bimodules map ^ is an isomorphism. □ 



4.11 Equivariant delooping of THR by the S^'^-construction 

We saw in ^4.6| how to deloop equivariantly THR(C;A^) if C and A4 are 
G-connected. In this section we give another way of delooping THR in the 
split-exact case, by means of the S'^^'^-construction. 

Let {C,D,£) be a split-exact category with strict duality D, and let 
M : (8) C — > Ah be a bimodule with duality J. Recall that we denote 

THR(C; M) = THR(i7C; HM) 

for simplicity. We saw in |4.10| how this structure induces a bimodule with 
duality on S'^'^C for all natural number k. We now vary the fe-direction 

2 1 2 1 

to get an extra real direction. More precisely, let r* : 5^' C — > S^' C he the 
functor from the simplicial structure of S^'^C, associated to a r: [/] — > [k]. 
There is a natural transformation r* : =^ Mi o ((t*)°^ <^ r*) given by 
restriction to Mk{X, Y) of the map 

© M{Xe,Ye)^ © M{Xrp,Yrp) 

eeCat{l2],lk]) peCat([2],[l]) 

that projects off the components corresponding to 0's that are not of the 
form Tp. This construction defines maps r* : M^) — > [Sf'^C, Mi), 

and therefore maps 

T*: TRR.{Sl''C;Mk) ^TRR.{Sf''C;Mi) 
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defining a real space structure on 

THR.(52'iC; M) = {[k] ^ TRR{Sl''C; M^)} 

Its realization is the G-space denoted THR(S'f '^C, M) (we do not denote the 
simplicial direction in the coefficients). 

Recall that for a G-space X, we denote Q'^'^X = Map^(S'^'"'^, X) the 
pointed mapping space with conjugation action, where the 2-sphere S*^'^ = 

carries the G-action induced by complex conjugation. The goal of this 
section is to prove the following. 

Theorem 4.11.1. For a split-exact category with strict duality {C,D,£) 
with himodule with duality M , the map 

THR(G; M) — > f)^,! tHR(S'2'1C; M) 

induced by the adjoint of the projection map 

THR(C;M) x = TRRiS^'^C; M2) x — > TRR{S^''^C; M) 

is a G- equivalence. 

This theorem shows that the G-spaces {THR((S'2'1)("^)G; M)}m>o with 
the structure maps defined in the statement is a real Jl-spectrum, defining 
an infinite real loop space structure on THR(G;M) (cf. 1.5.15). 

We give a non-equivariant proof first. It is going to give an overview of 
the strategy for the proof on the fixed points. Notice that in a completely 
analogous way one can define THR(5'3'^G; M). 

Proposition 4.11.2. The map 

THH(G; M) — > TRRiS^C; M) 
is a (non-equivariant) equivalence. 

Proof. We prove this in two steps. First, for the standard S'.-construction 
there is an equivalence 

THH(G; M) — > VL THH(S'.G; M) 

when C is split-exact. Here's the argument from |DM96| 2.1.3]. Consider 
the simplicial category PS.C, given in degree k by 

{PS.C)k = Sk+iC 

The simplicial structure is defined by forgetting the first face and degeneracy 
from S.C in every simplicial level. In this situation, the forgotten degeneracy 
gives a simplicial homotopy equivalence * = SqC — > PS.C. By applying 
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THH to each functor of the homotopy, one gets a simphcial contraction 
THH(P5.C, M) ~ *. Moreover for every k, there is a sequence of functors 

C {PS.C)k A SkC 

where do is the face we removed. Applying THH, we get a commutative 
diagram 

THH(C; M) ^ THH((P5.C7)fc; Mk+i) ^ THH(5fcC; M^) 



Y Y 

THH(C7; M) ^ THH(C; M)''+i THH(C; M)'= 



where the vertical maps are the equivalences from 4.10.2[ and the bottom 
map is the trivial fibration that projects off the last component of the prod- 
uct. Therefore the sequence of simplicial spaces 

THH(C; M) — > THH.(PS'.C; M) THH.(S'.C; M) 



is levelwise a fiber sequence. Lemma [4. 1 1 . 4| below says that the conditions of 



the Bousfield-Friedlander theorem [GJ99j 4.9] (cf. [4.11.5 below) are satisfied 
by the map do, and therefore the realization 

THH(C; M) — > THH(PS'.C; M) THH(5'.C; M) 

is a fiber sequence as well. Since the total space is canonically contractible, 
the map THH(C; M) — > QTHH(5.C; M) is an equivalence. 

Second, we prove that there is a (non-equi variant) equivalence 

THH(S'.C; M) ^ nTRR{S^^^C; M) 
Consider, for every /c, the sequence 

SkC P{S^'^C)k A sl^'c 

where the first map is the inclusion as the bottom face, that sends a diagram 
X: Cat{[l], [k]) -^C to X: Cat{[2], [k + 1]) — yC defined by 

. ( X{j -Kl-1) if i = 

^(^<^<^) = |o else 

This map is simplicial, and applying THH it defines a commutative diagram 
THH(5fcC; M^) ^ TRR{{PS^'\C; M^+i) ^ THH(5f C; M^) 



THH(C; M)-5*\* ^ THH(C; Alf^'liV ^ THH(C; Mfl'^\* 
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4.11.4 



where the vertical maps are the equivalences from 4.10.2 The bottom row is 
a fibration for every k, since the projection map is just precompositio n with 
the inclusion S'^'^ — > S'^'^-^ induced by a^: [k + 1] — > [k]. Lemma 
below applies exactly in the same way to the realization 

do: THH(PS'.2'^C; M) — > TRRiS^'^C; M) 

by using the abelian group model THH® of 



4.5.1 



and since Sq'^C = 0. Thus 
Bousfield-Friedlander theorem 4.11.5 applies to show that the realization 

THH(5.C;M) TRUiPS^'^C; M) A TRU{SyC;M) 

is still fiber sequence. The total space is contractible by the same argument 
as before, and therefore THH(S'.C; M) ~ THH(S'2'iC; M). 
Combining the two results we obtain an equivalence 

THH(C; M) ^ Q THH(S'.C; M) ^ tHH(S'.2'^C; M) 

which is homotopic to the map of the statement. □ 

The next lemma has been used in the proof above, and variations of 
it will be used throughout the section. It is central in most proofs, since it 
allows to commute homotopy pullbacks with realizations of simplicial spaces, 
by means of 4.11.5 below. 

Definition 4.11.3 ( |GJ99| IV.4]). Let X.. be a bisimphcial set such that 
for all /c > the simplicial set X^^, is fibrant. For all n > 1 define tt^X to 
be the simplicial set 

7:nX = {[k]^ ]J 7Tn{Xk,.,x)} 

We say that X„ satisfies the 7r*-Kan condition if for all n > 1 the canon- 
ical map 

7r„X — > X,fl 

is a Kan-fibration. A general bisimplicial set Y,, satisfies the 7r=K-Kan con- 
dition if there is a levelwise weakly equivalent, levelwise fibrant bisimplicial 
set X,, that satisfies the vr^-Kan condition. 

Lemma 4.11.4. The map 

do : THH(P5'.C; M) THH(5.C7; M) 

is the realization of a map of bisimplicial sets Y,, — > X„ such that X,, and 
X. satisfy the ir^-Kan condition, and 

for all k. 
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Proof. The space THH(S'.C;M) is homeomorphic to the reahzation of the 
3-simphcial set 

([k], [p], [q]) ^ hocolim n%{HSpC; HM, i) 

i[k] 

where Vq{HC; HM,i) is defined in the same way as V{HC; HM,i) by re- 
placing the topological spaces C{c,d){S^) by their g-simplicies C{c,d){Sg), 
so that 

\[q] ^ Vg{HC;HM,i)\ ^ V{HC;HM,i) 

Taking the diagonal in the first and last simplicial directions we obtain a 
bisimplicial set 

X„ = {[k][p] ^ hocolim n^Vk{HSpC; HM,i)} 

Ilk] 

Now define another bisimplicial set by 1^^. = PX^^.. The do face map of Y^^. 
gives a map of bi-simplicial sets 

dQ-.Y — >X 

which realizes to our map THH(PS'.C; M) — > THH(S'.C; M). 

The 7r*-Kan condition is invariant under weak equivalence (cf. |GJ99| 
IV,4.2-(1)]) so we can replace X and Y by their abelian group models 

X® = {[k][p] ^ hocolimn^V® {HSpC;HM,i)} , Y® = PX® 
i[k] 



Indeed by 4.5.1 the canonical maps X^,. — > ^k. equivalences for all k. 
In order to prove that X® and Y® satisfy the vr^K-Kan condition it is enough, 
by |GJ99| IV,4.2-(2)] to show that X® and Y® are levelwise fibrant and 
levelwise connected. They are levelwise fibrant since they are bisimplicial 
abelian groups. The simplicial set Y^^ is contractible for every fixed fc, as 

Y® = PX® ~ X® = * 

and X'^Q = *, so that the simplicial sets are reduced and therefore 
connected. □ 

Proposition 4.11.5 (Bousfield-Friedlander, |(;J99| 4.9]). Let 

Z ^X 



W ^Y 

he a square of bisimplicial sets, which is levelwise homotopy cartesian. If X 
and Y satisfies the TT^:-Kan condition and the map ttqp: ttqX — > ttqY is a 
Kan-fibration, the realization of the square above is homotopy cartesian. 
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Remark 4.11.6. One could (naively) try to prove 4.11.1 by making an 
equivariant version of the proof of [4.11.2 define actions on the fiber se- 
quences 



and 



THH(C; M) — > THH(PS'.C; M) THH(5.(7; M) 



THH(5.C;M) THH(P52'^C; M) A TRBiS^'^C; M) 



so that the restriction to the fixed points stay fiber sequences, and so that 
the total spaces are G-contractible. But such an argument would only give 
deloopings with trivial action on the circle. What fails is that the path 
construction PX on a real space X is no longer a real space since the last 
face map corresponds under the action to the first one, which as been re- 
moved. An attempt to fix this is to first subdivide the fiber sequences, in 
order to obtain simplicial actions, and apply the P-construction afterwards. 
This will give equivariant fiber sequences, but it will in general change the 
homotopy type of the fiber. The suggested construction works out for the 
second sequence, giving a G-equi valence 

TRR{S}'^C;M) ^ nTRR{S^'^C; M) 

However, it is not obvious at all how to define a G-map THR(5^'^G; M) — > 
T}iK[Psd(.S^'^C; M). We will show that the canonical map 

THR(C'; M) ^ Jl^'^ THR(S'3'^C; M) 
is also a G-equi valence, but by a different line of reasoning. 

Definition 4.11.7. A sequence of G-spaces and equivariant maps F — > 
Y — > X is called a G-fiber sequence if it is a fiber sequence, and its 
restriction to the fixed points F'^ — )■ — > X^ is also a fiber sequence. 



Recall the subdivision functor from 1.4.3 that takes a real space to a 
simplicial G-space. This construction works just as well for real categories. 
Given a simplicial category G., we denote sdeC, the simplicial category with 
fe-simplicies 

{sdeC.)k = G2fc+1 

and faces and degeneracies defined in degree k hy di = did2k+i-l and ~si = 



SiS2k+i-l- If C, is a real category (cf. [1.5.5 ), the induced levelwise duality 



on sdeC, is simplicial. Moreover there is a natural G-equivariant homeomor- 
phism IsdeG.I = |G.|. 

Proposition 4.11.8. There is a G-fiber sequence 
TBR{sdesdeSyC;M) TiiR{PsdeS^'^C; M) A T}iR{sdeS^'^C; M) 
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with G'Contractible total space TBR{PsdeS^''^C; M). In particular this gives 
a G' equivalence 

THR(53'^C;M) ^ ^TYiR{SyC;M) 

Proof. We remove the bimodules from the notation for simphcity. We are 
gomg to define a sequence of functors 

sdesdeS}'^C PsdeS^'^C A sd^S^'^C 

where the simphcial map do is given by the zero face of sdeS^'^C, the one 
we removed in the definition of PsdeS'^'^C. Exphcitly, in degree k it is given 

by 

-1 q2,1 ^ dod2k+3 2,1 ^ 

Notice that since the duahty on sdeSj'^C is simphcial, the simphcial category 
PsdeS^'^C also has a simphcial duality, and the map do is equivariant. A 
similar construction gives the map on the bimodules. 

Before defining the map sdesdeS}'^C — t- PsdeS^'^C, we want to iden- 
tify the levelwise homotopy fiber of THR(52^^^3C) THR(S'2^^^;^C) in 
order to explain why this strange double subdivision comes out. The G- 
equivalences of 14.10.2] give a commutative diagram of G-maps 



Map,(52Y+3> THR(C7)) — Map,(52Y+i. THR(C)) 

Where the bottom map is precomposition by the inclusion S^^j^-^ — > S'^'^j^.^ 
induced by [2/c + 3] — > [2k + 1]. Notice that in particular the 

bottom map of the diagram is a G-equivariant fibration. Let us describe its 
fiber. In general for a pointed G-space X, the fiber of the map 

Map^(S'2fc+3,X) Map^ (52^+1, X) 

over the basepoint is the space Ff^ of maps / : S2'j}_^^ — > X whose values at 



e = (^oii-2k+4-i-i2i-^ . + 3] ^ [2] 



are f{9) = * if i > 1 or / > 1. The map k: M.ap^[S^^^^, X) — > Fk that 
send g to 



K(5)(0*P22'=+4-'-i) 



* otherwise 
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is an equivariant homeomorphism. Therefore we have a commutative dia- 
gram 



THR(C7^«+3\* 



Map,iSl'l„TRR{C)) . Map,(S2^^;;_3,THR(C))— - Map,(52W'THR(C)) 



THR(5'2^^_^_3C) 



• THR(C7^2fe+3\* 



-«2,1 



THR(S'2;,"^^^C) 



2,1 



S • \* 

where the bottom row is a G-fibration, and the map THR(C 4fc+3\ ) 
THR(C"^2fe'+3\*) is THR of the fmictor 



c2,l \ 



defined in a completely analogous way to the function k above. By 4.10.2 

the obvious model for the levelwise homotopy fiber of THR(S'2^^^3(7) '^-^^ 

THR(52^^_^]^C) is T}lR{Sl'f}j^^C) . The point is that it should define a sim- 
plicial space in the /c-direction, and map simplicially into THR{PsdeS^'^C). 
To give it a simplicial structure, notice that 4A; + 3 = 2{2k + 1) + 1, meaning 
that S^j}_^^C is the degree k of the double subdivision 



It remains to define a simplicial functor sdesdeS}'^C 



Psd.S^'^C. It 



is defined levelwise by the functor : S^^_^^C 
diagram X: Cat{[l], [4fe + 3]) — >C to 



•^2^+3^ that sends a 



<j<i 



-'^j+2fe+l<j+2A:+l 





if i = 0, / / 2A; + 3 
if i / 0, / = 2/c + 3 
if i = 0, / = 2/c + 3 
otherwise 



For an illustration of this functor see 4.11.9 below. Les us check that Ik{X) 



is well defined. For any ijj = {i<i<l<h)£ Cat([3], [2/c + 3]), we need to 
show that the sequence 



h{X) 



i<j<i 



i<j<h > 



i<l<h 



h{X), 



j<l<h 



is exact. If both i and h are non-zero, the sequence is 0, which is exact. If 
i = and h ^ 2k + 3, the sequence is 



X 



j-Kl-l 



X. 



j-Kh-l 



Xi- 



Kh-l 
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which is exact since it is the 3-terms exact sequence for X S ^^k+s^! asso- 
ciated to 6 = (j-l</-l</i-l) G Cat ( [2], [4/c + 3]). A similar argument 
shows that the sequence is exact for i ^ and h = 2k + 3. The last case, 
the interesting one, is when i = and h = 2k + 3. In this case the middle 
map of the sequence factors as 

^ Xj_i^j^2k^l ^ -^Z-l<«+2A;+l ^ Xj+2k+l<l+2k+l 



-^«-l<i+2fc+l 

The sequence is therefore exact since the two sequences 

Xj-l^l^l > Xj_i<j_|_2fc+1 > ^i-l<j+2fc+l 

and 

Xl-l^j+2k+l > -^Z-l<«+2fc+l > Xj^2k+l<l+2k+l 

are the sequences for X associated respectively to (j — 1 < / — 1 < j-|-2/i;-|-l) 
and (/-l<j+2A;+l</+2A;+l) in Cat{[2], [4/c + 3]), and are therefore exact. 
One can easily see that commutes with the dualities, and more painfully 
that it is a simplicial functor. Moreover the diagram 



d d 

' Y 



commutes up to equivariant natural isomorphism. This construction gives a 
commutative diagram 

THR(S']^1^3C) THR(52^1^3C) — — T'RR{Sl'^_^^C) 



Map,(5];^3,THR(C)) ^ Map,(52^^3,THR(C))^-^Map,(52'i,,THR(C)) 

Since the bottom row is a fibration when restricted to the fixed points, the 
sequence of simplicial spaces 

TYiRXsdesdeSycf THR.(Ps45'.2'^C)^ Tmi^sdeSycf 



is a levelwise fiber sequence. Lemma |4.11.4| holds for the realization of this 



map as well, since the abelian group model 4.5.1 for THR*^ gives a level- 
wise fibrant bisimplicial set, and since (sde5'2'i)oC = Sl'^C = 0. Therefore 
Bousfield-Friedlander |4.11.5| applies and it shows that the realization 
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is a fiber sequence. The standard simplicial contraction PsdeSj'^C ~ * 
respects the G-action, and therefore it induces a G-contraction of the to- 
tal space THR(Ps(ie52'iC). Thus the fixed points TYSl{PsdeSj^^C)^ are 
contractible, and the contraction gives an equivalence 

TYiR{sdesdeS}'^Cf ^ 17(THR(s45'.2'^C)^) = VL{TY{R{sdeS'^'^C)f 

where the first and the last space are respectively canonically homeomorphic 
to THR(S'i'iC)^ and 0(THR(S'2'iC))^. □ 

Example 4.11.9. Here's a hopefully illuminating illustration of the functor 
Ik'- {sdesdeS^'^C)k — > {PsdeS'^'^C)k, for k = 1. The functor Ii remembers 
only the highlighted parts of the diagram X G Sj'^ 




Then it embeds the two triangles in the bottom and top face of the tetrahe- 
dron, and the diagonal stripe is placed on the edge formed by the intersection 
of the two faces 
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It is clear from the picture that Ii is equivariant, and maybe even that 1^ 
respects the simphcial structure. 

Theorem |4 . 1 1 . 1 1 follows from the previous proposition and the next one. 

Proposition 4.11.10. The map THR(C; M) — > Q^^^ T}iR{S}^^C; M) in- 
duced by the adjoint of the projection map 

THR(C;M) x = THR(5j'^C; Mi) x — > TRR{S}'^C; M) 

is a G- equivalence. 

The strategy for the proof of this proposition is similar to the one given 



in the appendix 6.2 for proving that M — > ^^'^M[S}'^) is a G-equivalence 
for a group-like monoid M with anti-involution. 

We factor the map of the statement through an intermediate G-space 
THR(P+P_S^'^C; M), and we prove that the two maps are G-equi valences. 
Consider the simplicial categories Pj^S}'^C and P-S}'^C, both defined in 
degree k as Sl.'^-^^C, but with simplicial structure defined by forgetting the 
0-th face and degeneracy for P^S}'^C, and the last ones for P^S}'^C (in 
our old notation P = P+)- The removed faces define simplicial functors 
do: P+SyC SyC and di: P-S^C SyC. 

Remark 4.11.11. The duality on S}'^C does not induce a real structure on 
P^S}'^C nor on P-S}'^C. However, it induces mutually inverse functors 

D+ : P+SyC P-SyC and D_ : P^S^C P+S^C 

reversing the order of faces and degeneracies. 

We combine these two constructions into a simplicial category P^P-S}'^C, 
the double shift of Sj'^C. Its A;-simplicies are 

P-^P^Sl'^C = 

and the simplicial structure forgets both the first and the last faces and 
degeneracies from Sj'^C. Since the two faces we removed were interchanged, 
and the same for the degeneracies, the real structure of S}'^C induces a real 
structure on P^P-S^C. 

By considering C a constant simplicial category, there is a duality pre- 
serving simplicial functor 

f.C^ Sl'^C = {sdeP+P-SyC)o ^ sdeP+P-SyC 

where s denotes the degeneracy functor and lq sends an object c to 

^c^=c 
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Remark 4.11.12. One could think of S,C as a Bar construction BG = 
B{*; G; *) on C solving the coherence problem of non-strict associativity of 
the sum of C. Then P^S.C and P-S,C should be thought of as the one 
sided Bar constructions B(G;G;*) and B(*;G;G) respectively. With this 
picture in mind, the double construction Pj^P^S}'^C corresponds to a two 
sided Bar construction B{G] G; G). The map l above is a subdivided version 
of the inclusion G — > B(G; G; G), given in degree zero by the inclusion in 
the first summand, to make the action fit. The next lemma is analogous to 
the standard result that G — > B{G; G; G) is a homotopy equivalence (see 



6.2 for the actual proof for monoids with action) 



Lemma 4.11.13. The inclusion l: C — > sdeP+P-S}'^C induces a simpli- 
cial G-homotopy equivalence 

THR(C; M) — > THR(s4P+P_53'^C; M) 

Proof. In general P+ and P- of a simplicial category are both simplicially 
homotopy equivalent to the 0-simplicies of the category, via respectively 

d-+^ : P+G.^ Go and d'^^ : P-G. ^ Co 

where denotes the last face in every simplicial degree. In our situation 
P+P-SyC ~ {P-SyC)o = sI'^G = G. To check that the equivalence 
respects the G-action we write down the maps explicitly. 

We define a simplicial retraction for l. Denote by di and si the faces and 
degeneracies of sdeS}'^G. The functor 

r = : isdeP^P+SyG)k = {P+sdeSyG)k {sdeSyG)o = G 

defines an equivariant retraction for i. For every a = (O^l'^^"'^^^) G A[l]fc 
define a functor 

H^: sdeP^P+Sl'^C sdeP-P+Sl'^G 

by the composite 

This defines a simplicial homotopy between the identity and tor. Since the 
action on the subdivision sdeS}'^G is simplicial, this is a homotopy of duality 
preserving functors. Applying THR to each of these functors one gets the 
desired simplicial homotopy, showing that l and r induce mutually inverse 
G-homotopy equivalences. □ 

We compare 

TRR{sdeP+P-SyG = \sdeTBR{P+P-SyG;M)\ ^ THR(P+P_53'^G;M) 



133 



with the loop space ri^'^ THR(53'^C; M) by finding a new model for the 
loop space. Recall that the levelwise action on THR(5^'^C;M) induces a 
commutative diagram 



D4 



TRRiP+SyC; M) \ ^ THR(P_5i'iC; M) 



do 



THR(5i'iC; M) 



THR(5/'iC;M) 



where denotes the iterated last face. Since the functors and 
reverse the simplicial structure one needs to reverse the order of the simplex 
coordinate in order to have well defined maps on the realization. To simplify 



the notation write = THR(S'MC; M), so that 



\P+X.\ = P+ TRR{SyC; M) = THR(P+S'/'^C7; M) 

and similarly for P^. In this general situation, the homotopy pullback 

h 

\Pj^X,\ X|x.| of the diagram 



\P-X\ 



\P+X.\ 

do 

-\x.\ 



admits a G-action (cf. appendix 6.2). The action sends a triple {y,j,y') of 
a y G a y' G |P_X.| and a path 7: / — > \X,\ to 

{D^y',D^,D+y) 

where Dj denotes the path obtained by applying the duality pointwise to 
the backwards path. Notice that P+X, is equivalent as a simplicial space to 
Xq = THR(*) = *. Therefore by lemma 6.2.6 below, there is a G-homotopy 
equivalence 



n^'^TRR{S,'''C;M) ^ \P+X,\ X\x,\ \P-X.\ 



Hence it suffices to compare TiiR{P+P_SyC; M) with \P+X,\ X\x,\ \P-X,\. 
Applying THR to the commutative diagram of simplicial functors 



p+P-syc 



dL 



P+S^''C 



P-S'''C 



dL 
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one gets an equivariant map TilIi{P^P^S}' C;M) — > 1-?+^. 



(factoring through the actual pullback). Proposition 4.11.10 will therefore 
follow from the next lemma. 



■ixi 



\P-X.\ 



Lemma 4.11.14. The natural map 

TRR{P+P_S}'^C]M) 
is a G- equivalence. 



\P^X\ X 



\P-X\ 



Proof. First we prove that at for each k the space THR(i-+P_5^'"'^C; M) 

h 

is equivalent to the levelwise homotopy pullback X^j^i Xx^ Xi^^i, where 
we remember the notation X^ = THR(5'^'^C; M). Then we will use the 
fibration properties of THR to show that this homotopy pullback commutes 
(equivariantly!) with the realization. 



First non-equivariantly, by 4.10.2 there is an equivalence between the 
following two diagrams 



Xk-i 



do 



Xk 



J-k + 1 



Xk^ 



THR(C; M)''+^ THR(C; M) 

where the maps on the bottom row are the trivial fibrations that project off 
the first and the last component, respectively. Therefore the homotopy limits 
of the two horizontal lines are naturally equivalent. Since the bottom maps 
are trivial fibrations, the homotopy pullback is equivalent to the pullback, 
which is THR(C;M)'=+2. All together there is a commutative diagram 



THR(C; M) 



k+l 



TRR{P+P_Sl'^C;M) 



Xk+i xXfc Xk+i 



THR(C; M)'^'+2 



where the diagonal map is once more the equivalence of |4.10.2 The key 
point for showing that this is an equivariant equivalence is to use the home- 
omorphism 



{Xk+i Xk+i)'-' = Xk+i xxfc X'l 



of 6.2.5 Again by [4.10.2] there is an equivalence of diagrams 

do 



Xk^ 



Xk 



THR(C; M) 



k+l 



do 



THR(C; M f ^ (THR(C; M) 



k\G 
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and hence an equivalence from {X^+i Xx^, X^+i) to the homotopy pullback 
of the bottom hne, which is equivalent to the actual pullback since do is the 
(trivial) fibration. Separating the cases where k is even or odd, one can easily 
see that there is a homeomorphism 

THR(C;M) x {THR{C;Mf)^ ^ {T H R{C ; Mf^"^)^ 

This gives a commutative diagram 



THR(P+P_5^'^C;M) 



G 



(THR(C7; M)^'+2)(? 



where the diagonal map is the equivalence of 4.10.2 



It remains to show that the realization of the levelwise pullback is equiv- 
alent to the pullback of the realization, that is that the canonical map 



\Xk+i XX, Xk+i\ \P+X,\ x\x.\ \P^X,\ 
is a G-equi valence. Non-equivariantly, it follows by the Bousfield-Friedlander 



theorem 4.11.5 that applies because of 4.11.4 For the fixed points, there are 



homeomorphisms 

|Xfc+iXx,^fc+l|^ = |s4(P+XXx.P-X)^| = |s4(P+X)fcX,d^(X.),SQfe(X)f| 



and by lemma 4.11.4 Bousfield-Friedlander applies. This gives an equiva- 
lence 



\sde{P+X,)k X,d,{X.)k sdeiXX \ ~ \sdeP+X,\ X^.^.X.] 

and the right hand side is homeomorphic to 



sdeX 



Gi 



\sdeP+X.\ X^,a^x.\ \sdeX^\ ^ \P+X.\ X^x.\ \X. 

again by |6.2.5 



G 



i\P+X.\ X|x.| 



\G 



□ 



4.12 Stable 0-simplicies of THR 

We prove that THR of an exact category is G-equivalent to a stabilization of 
its zero simplicies, an equivariant version of |DM961 2.2.3]. Our proof relies 
heavily on the non-equivariant proof, and might hopefully be improved. 

Let {C,D,£) be an exact category with strict duality, and M : (55 
C — > Ah a bimodule with duality J. Recall that for simplicity we denote 
THR(C; M) := THR(FC; HM). 
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Definition 4.12.1. An abelian group M is called uniquely 2-divisible if 

the group homomorpliism 

M ^ M e M M 

sending x to x + x is an isomorphism, i.e. if M is a Z[l/2]-module. 

A bimodule M : C — > Ab is called uniquely 2-divisible if it takes 
values in uniquely 2-divisible groups. 

Our main example of a divisible bimodule is the following. Suppose that 
M is a bimodule over a ring A, and that 2 G A is invertible. Then the 
bimodule 

M(-, -) = homA(-, - ®A M) : V°/ ®VA^Ab 

is uniquely 2-divisible. The inverse for the homomorphism above is given by 
multiplying pointwise by the inverse of 2. Similarly, if J is an M- twisting of 
an antistructure (^,-L,a), the bimodule 

M-^ : VVj VVa — > Ab 

of §3.6|is uniquely 2-divisible. 



Proposition 4.12.2. Let M : (>S> C — > Ab be a uniquely 2-divisible 
bimodule with duality over {C,D,£). Then the inclusion of the 0-simplicies 
induces a G-equivalence 

coliml72"^''^THRo((S'.2'^)(™)C;M) colimQ'^'^'"' TRR{{S^'^)^'^^C; M) 

m ' m ' 

where the stabilization maps are adjoint to 

X{C; M)xA^ = X{Sl'^C; M) x ^ \X{S'^'^C] M)\ 
/or X = THRo,THR. 

Remark 4.12.3. If (C, £) is split-exact then by |4.11.l" the target of the map 
of the statement is G-equivalent to THR(C; M). The proposition above gives 
a G-equivalence 

THR(C;M) ~ colimQ^™."^! ffi MiX,X)\ 

xeOfe(S'2'i)('")c 

where direct sum has the involution induced by the maps J : M{X,X) — > 
M{DX, DX) as defined in 3.4.7 Indeed, there is a diagram of natural G- 
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equivalences 



colimO^™'™! M{X,X) 

™ xeOb(52.i)('")c 



colimO^"'"^ THR^ ( (^f'^ ) ("^^ C;M) ^j^^ colimO^"^'™ THR® ( (S-^'i ) (™) C;M) 



|43T 



colimQ2"i:'" THRo((52'i)('^)C;M) colimO^'"'™ TRR((S'^'^)'-"'^C;M) 

m ' 14.12.21 m 



14.11.1 



THR(C;M) 

We want to use our assumption of divisibility to pass from the non- 
equivariant statement to the G-fixed points. In |DGM12] V-1.2.1], the au- 
thors prove the non-equivariant statement for the ^.-construction. We give 
a quick review of their proof to make sure it applies when we replace the 
^-construction with the S'^'-'^-construction. 



Recall from ^4.5 that THH^ (C;M) is the homotopy colimit of the loop 
space of 



y®(C;M,i)= M(co,Cfc).o^(g)Z(C(Q,q_i)iJ 



1 = 1 



where we denote Ai = A{S'^) for an abelian group A. Define HH^{C; M) = 
y®(C;M,0), that is 

HH®{C;M)= M(co,Cfc)®Z(C(ci,co))®---®Z(C(cfc,Cfc_i)) 

COv>Cfc 

The simplicial structure on THH® (C;M) restricts to a simplicial structure 
on HH®{C;M), and the inclusion V®{C-M,0) V®{C;M,i) induces a 
commutative diagram 

HH®{C; M) THH®(C; M) 



HH®{C; M) THH®(C; M) 

where the zero simplicies are constant simplicial spaces. The bottom hori- 
zontal map is an equivalence, as it is the direct sum of the homotopy equiva- 
lences M(c, c) — > Q^M(c,c){S^). The top horizontal map is an equivalence 
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by |DGM12] IV-2.4.1]. The non-equivariant version of 4.12.2 then follows if 
we can prove that the degeneracy map induces a homotopy equivalence 

s: coIim^72'»."^i//^®((52,l^(m)(^.^^ ^colimr?2'"'™i/i/®((52'i)(™)C7;M) 

for every k. A homotopy inverse for this map is induced by the iterated 0- 
face dp. Clearly o s is the identity. In order to define a homotopy between 
the other composite and the identity, one defines maps 

E,W: HH®{C- M) HH®{S2C; M2) 

such that 

doE = id 
d2W = d^o s 

= = doW 
diE = diW 

as in [ DGMI2] 1-3.3.1], where : S2C — > C are the face functors. If one 
can show that di is homotopic to do + d2 as maps 

HH®{S2C- M) HH®{C- M) 

we would be done by noticing that 

dg o s = d2W + d^W ~ diW = diE ~ d^E + ds-E = id 

The maps di and do + d2 become homotopic after stabilizing with the Sj'^- 
construction, by the following result applied to HH^{—). Its main ingredient 
is the additivity theorem for the 5^'^-construction of |HM12| . 

Lemma 4.12.4 (cf. |DM961 2.2.2]). If X is a functor from exact categories 
and himodules to ahelian groups such that X(0) = 0, there is a homotopy 

di-do + ds: colimf]2™x((S'2'i)(™)52C;M) ^ colimr?2™X((S'2'i)(™)C7;M) 

m ' m ' 

Proof Let us denote 

Y{-; -) = colimJ72™X((52'i)(™)(-); -) 

m 

In |HM12| the authors prove an additivity theorem for the 5f '^-construction, 
analogous to the one of |McC93j . Forgetting the G-action, it gives a homo- 
topy equivalence 

(do, ds) : Y{S2C; M) ^ Y{C x C; M x M) 

The projections induce an equivalence 

Y{C X C;M X M) ^ Y{C; M) x y(C; M) 
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Indeed since X{0) = 0, and S^'^ is 1-reduced, the map 

X((S'2'i)("')Cx(S'2'i)(")C";MxM') — > X{{Sj'^)^"''^C;M) x X((S'2'i)(™)C";M') 

is 4/c-connected. This follows from [May 72 11.12] by taking the geometric 
realization one simplicial direction at the time. Thus the projections induce 
an equivalence on the colimit 

Y{C X C"; M X M') Y{C] M) x Y{C'] M') 

and the proof of 4.10.3| applies word by word to Y finish the proof. □ 



Proof of 4-12.2 We prove that the inclusion of the zero simplicies into the 
realization 

s: THR®(C;M) — >THR®(C;M) 

becomes a G-equivalence after stabilization. The iterated 0-th face map 
defines a map 

do: TRR®{C;M) ^TRR®{C;M) 

This is not equivariant, since the conjugate Dd^D is the iterated last face. 
Notice that since the bimodule M is uniquely 2-divisible, so is the topological 
group THR® (C;M). For an element 

a; = mA/iA---A/fcG V®{HC; HM,i) 

the element ^ = f\ fi f\ ■ ■ ■ f\ fk '^s the unique element such that 2 • | = x. 
Define a natural map 

r = + ^"^"^ : THR®(C; M) THR®(C; M) 

This is clearly a retraction for s, and it is equivariant since the duality is 
additive. Let H be the homotopy 

sorfo— id 

colimQ^m,™ THR®((52'i)(™)C;M) — ^ colimil^™.'" THR® ((S'2'i)(™)C;M) 

m * m * 

induced under the homotopy equivalences 

HH®{C; M) THH®(C; M) 

do i 



do 

HH®{C; M) THH®(C; M) 

by the homotopy between the stabilization of s o do and the identity for 
HH®{C; M) constructed above. Then ) jg g, G-homotopy between 

the identity and s o r. □ 
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The divisibility condition of 4.12.2 is unfortunate. I end this section by 
some speculations over how to remove the condition. The simplicial abelian 
group HH® {C; M) has an obvious real structure, and the inclusion 



HH®{C; M) THR®(C; M) 

is equivariant. A first step would be to generalize the proof of |DGM12] 
IV-2.4.1] to show that the inclusion induces a G-equivalence on realizations. 
Assuming this, it is enough to prove the statement for HH® . There is a way 
to produce an equivariant retraction for the degeneracy map 

s: HH®{C-M) HH®{C-M) 

even when M is not uniquely 2-divisible. Suppose that there is a functor 

k: Sl^C C 

associating to an exact sequence X = (a A 6 c A d) an object k{X) that 
is both a kernel for p and a cokernel for i, such that n[DX) = Dk{X). In 
particular this is possible for C = T>Va for any ring A, since the functor 



Va 



defined by ^(a 



c — )• d) = kerp, together with the natural isomorphism 



^x- kDX = kerL'(i) = Dcokeii = Db/kerm — )• DIm{m) = Dkerp 

is a morphism of categories with duality, and therefore it induces a strictly 
duality preserving functor on the P construction. If we further assume that 
any map in C admits a kernel, we can define a map 

2,1, 



R: HH®{C;M) HH®{S^''C; M) 



by sending Ck 



Co ci • • • -f- 
ker(/i ...fk) 



Y 

Ck 



Ck-1 Ck to 




m-fi...fk 



ker(/i ...fk 



Ck 



fl--Jk 



Y 

Co 



/l---/fe 



Co 



coker(/i . . . fk 



coker(/i . . . fk 
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where i and p denote respectively the inclusion and the projection. The map 
r := Ko R is a retraction for s, since Ro s is the diagram 



0-^ 



id 



id 



0- 



Moreover r is equivariant since k{DX) = Dk{X). One should think of r 
as an average between the iterated 0-face of HH, and the iterated last face. 



Indeed, a variation of the argument of 4.12 A above, using the equivariant 



additivity theorem of [HM12) . shows that after stabilization there is a ho- 
motopy H between the maps 



di 



do =i d2 

H 



dg: HH®{Sl'^C;M) HH®{C;M) 



which is reversed by the duality, in the sense that DH{D(—),t) = H( — , 1—t). 
In particular, the middle point H{ — , 1/2) is an equivariant map. Also notice 
that 

{di - do) o R = dQ and (^2 - d^) o R 



Dd'^D 



and the middle map H{R, 1/2) is in fact r. We can display all these maps 
and homotopies in the following picture, taking place in the mapping space 
of self maps of the stabilization of HH^{C; M). 




where E and W denote the homotopies induced by the maps 

E,W: HH®{C;M) HH®{S2C;M) 

from |DGM12] 1-3.3.1] mentioned above. Conjugation with the duality flips 
the picture along the dashed line. In particular we have two homotopies 
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between sor and the identity. In order to obtain a G-homotopy, one should 
try to take an average of these homotopies. One could try to fill in the 
picture, by defining a map 

K: HH®{C-M) HH® {Sl'^ Sl'^C-M) 

with the appropriate faces and symmetry properties. Composing with k, it 
would give the desired G-homotopy, as an average between the concatenation 
of W and E and the concatenation of DWD and DED. 
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5 Real trace maps KR — >■ THR 



The classical trace map is a natural weak map K(C) — > THH(C) (or to 
TC{C)) first introduced in |BHM93| by Bokstedt, Hsiang and Madsen. It 
led to many important computations in i^-theory of rings, some by means of 
the Dundas-McCarthy theorem (cf. |McC97) . |Dun97) and |DGM12[ VII]). 
A main step in the proof of the Dundas-McCarthy theorem is to show that 
the trace map induces an equivalence 

coliml7"^(A K M(S")) ~ TRR{Va; M{S^)) 

n 

cf. |DM94| 5.3] and |McC97| §4]. This section collects the properties of KR 
and T HR p roved so far to show a G-analogue of the above equivalence. 

In ^5jlwe define a stabihzation KR'^(^ k M) for KR{A K M) in the 



"module direction". In ^5.2 we define a weak G-map (i.e. a zig-zag of G- 



maps whose wrong way pointing maps are weak G-equi valences) 

(3: KR{A kM) — > TYiR{VVA;M\sy)) 
inducing a G-equivalence between {A x M) and THR(PPa; M\Sy )). 



In ^5.3 we define a real trace map Tr: KR(C) — > THR(G) and show that 



there is a diagram of weak G-maps 



KR{A K M) 5^ TBRiWAKM) 




thr(Wa;M^(S'1'1)) 

that commutes up to G-homotopy. 



5.1 Stable real K-theory 

Let A be a ring, M. be a simplicial A-bimodule (i.e. a simplicial object in 
the category of A-bimodules), and (A, L,a) an antistructure. 

Definition 5.1.1. An M.-twisting of (A, L,a) is a family of Mfc-twistings 

Jk : Lt ®A Mk — > Lt (g)A Mk 

that reverse the simplicial structure of Lt® M,, in the sense that 

{Lt ® di)Jk = Jk-i{Lt dk-i) 

{Lt(^ si)Jk = Jk+i{Lt® Sk-i) 0<l<k 

where di and si denote faces and degeneracies of M.. 
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Example 5.1.2. Let M be an j4-bimodule, J: Li^aM — > Lt(dAM be an 
M-twisting of an antistructure {A,L,a), and X, a real set with involution 
LO. The maps J^, defined by the diagram 

Lt (E)A M {Xk) - - - ^ Lt ®A M{Xk) 



{Lt (^A M){Xk) — f {Lt 0A M){Xk) 

.J{w) 

assemble into a M(X.)-twisting of {A,L,a). 

Given an M.-twisting J. of {A,L,a), every defines an antistructure 



{A t< Mfc,L-^*=,a"^*=), and therefore a duality on VakM^ (cf- ^2.2). The sim- 



plicial structure of M. gives the structure of a real real category on 

[A:],[n] ^iS^'ipp^^M, 

The structure map in the fc-direction associated to a : [k] — ?■ [A;'] is defined 
to be the functor induced from the map 

e*:{AK Mk' , L-^fc' , a-^*^' ) — > {A k Mk, L-^" , a-^") 



defined from the bimodule map 6* : Mk' — > Mk as in 2.2.5| In order to have 



strict simplicial identities one needs to use the strictly functorial model for 



the category of finitely generated projective modules described in 1.3.8 
Definition 5.1.3. Given an M.-twisting J„ define 



KR(.4 K M.) = n'^'^liS^'^VVA^ 



M. 



The realization can be taken either one real direction at the time or 
diagonally. The projections A t< Mk — > A induce an equivariant map 
KR(^ K M.) — > KR{A), and we denote its homotopy fiber by KR{A K M.). 

In order to define the stabilization for KR(j4 ix M) we iterate the equiv- 
ariant Bar constructions in the M-direction as follows. Let us denote S'f"-'"' 
the 2n-fold smash product of simplicial sets 

g2n,n ^ ^giyp ^ . . . ^ ^gi^op /\ s} A ■ ■ ■ A S} {2n factors) 

with level wise involution cj given by reversing the order of the smash factors. 
Here the superscript denotes the simplicial set where the order of the faces 
and degeneracies is reversed. This involution gives S^^'^ the structure of a 
real set. For every a € S'^'^ denote 

Q2n,n Q2(n+l),n+l 

I'a ■ ^k ^ "^k 
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the inclusion 



ia{xi A • • • A X2n) = (xi A • • • A 2;„ A fJ A Xn+l A • • • A X2n) 



that satisfies uj o = o uj. This induces a map of twistings (see 2.2.1 ) 



and thus a functor 

that satisfies [i„)^,D = D{i^fj)^,. 

Definition 5.1.4. Let M be an A-bimodule, and J an M-twisting of an 
antistructure {A, L, a). The stable real i^-theory of J is the G-space 

KR^(^ kM) = colim!^2"-"gR(^ k M(S'f"''')) 

n 

with stabilization maps defined to be the adjoints of the realizations of 

induced from mapping a A x to (La)*x. 

In [DM94] the authors define stable iT-theory as the colimit of ^1"'~^^K(Ak 
M(5'")). The missing degree shift in our definition has the consequence of 
having an extra 5^'^-smash factor in the coefficients of THR in the main 
result of the next section compared to |DM94[ 5.3]. 

Remark 5.1.5. We extended KR to simplicial rings degree- wise. In the 
non-equivariant case, one can of course consider the category of simplicial 
modules over a simplicial ring A„ and take its ii'-theory. In order to consider 
only cellular modules (cf. |Wal85| §2.3]). iiT-theory for simplicial modules 
and the degreewise i^-theory differ in general, but in the case oi A t< M 
the homotopy fibers of the projection maps induced by ^ ix M — > A agree 
for the two theories. The published proof of this uses the description of K- 
theory via BGL{A,)~^ , the plus construction of the classifying space of the 
group of matricies invertible up to homotopy (see |Dun99| 4.1]). 

Our equivariant situation is tricky. It is fairly straightforward to define 
what an antistructure over a simplicial ring should be, and this induces a 
duality on the category of all simplicial modules, given by a hom-mapping 
space construction. However this duality does not preserve cellular modules, 
and it is not even clear if it does up to equivalence. Therefore there is no 
obvious KR theory for simplicial modules involving the 5f '^-construction. 
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Remark 5.1.6. Fix an antistructure {A,L,a) and an M-twisting J, and 
consider real JC-theory as a functor 

KR{A K M(-)) : {Based real sets} — > G-Top^ 

from the category of based real sets to pointed G-spaces (or eventually real 
spectra). There is another functor 

KR^{A K M; -) : {Based real sets} — > G-Top^ 

defined by 

KRiA K M;X) = colim >< M(52"'" A X)) 

n 

using similar stabilization maps. This is a G-version of the Goodwillie dif- 
ferential for KR{A X M(-)) (cf. |Goo90] and |DM94j 'l. Stable real i^-theory 

- — s 

KR {A PC M) is the zero space of the "derivative real spectrum" 

{KR'{AKM-S^^n},n>o 



5.2 Stable real fsT-theory is THR 

We show that there is an equivalence between stable KR-theory and THR, 
via a trace-like map. This theorem is the G-analogue of |DM94| 5.3]. Recall 
that we use the notation 

THR(G; M) := TRR{HC; HM) 

If M, is a simplicial A-bimodule, and J.: Lf ®a M, — > Lt (X^a M, an 
M.-twisting of {A, L, a), the structure maps on M. define a real structure on 

[fc] ^thr(pPa;m/*) 

analogous to the case of KR(— ) explained in the previous section. Its realiza- 
tion is the G-space THR(I?P/i; M/) (again, one needs to use the strictly func- 



torial model of 1.3.8 for Va in order to get the simplicial identities strictly.) 



Theorem 5.2.1. Let A be a ring, M he an A-himodule, and J an M-twisting 
of an antistructure (^,L,a). // 2 is invertible in A, there is a weak G- 
equivalence 

KR^{A >< M) ~ TRRiWA] M-^ {3}'^)) 



Remark 5.2.2. The assumption that 2 is invertible in A is needed only 



to apply 4.12.2 If one could prove 4.12.2 without this assumption, all the 



results of this section would hold without this extra condition. 
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Proof. The weak map of the statement is constructed as follow. For every k 
there is a zigzag 



KR{A K M(5f '")) KR(yl; M(5r'" A S^)) 



2n,n . q1A\ 



For the top horizontal map we used the canonical isomorphism M(X)(5^'^'* — 
M(X A5^'^). The top vertical map is induced, under the equivalence of 
by the canonical map into the homotopy colimit 



2.3.2 



V homyi(v3, V^iA ^) 



<fieObs,^'^vPA 



hocolimQ^ V N-^ {ip,ip){S' 



THRo(52'ippA;iV-^) 

where N = M{S'^'^ A S}'^). The middle vertical map is just the inclusion 
of the zero simplicies in the realization. 

Realizing in the fc-direction and looping we obtain a zig-zag 



J72'^'"KR(A><M(S'/"'")) 



[23:21 



j^2n,nj^2,lTHR(S'2'lppA;M-^(5'2"'"AS'l'l)) 
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where the bottom horizontal map is induced by the same functors defining 

'S 

the stabihzation map for KR . Precisely, it is the adjoint of the realization 
of the map 

given by sending a A a; to {ia)*x, where to- : M{S}'^) — > M{S^^'"' A S}'^) is 
the map of bimodules induced by the inclusion 5? — > S't"''"' determined by 



a G iS?"'". It is an equivalence by 



5.2.5 



below. 



The zig-zag respects the stabilization maps and thus induces a weak map 
on the colimit 

KR{A K M) TRR{VVa;M-^(S}'^)) 



Apply 5.2.4 below to the i/ = {2n, n — l)-connected real set X, = S^n.n ^i,i 
to show that this weak map is (2n-|-l, n — l)-connected. Therefore it induced 



an equivalence on colimits, proving 5.2.1 □ 



Remark 5.2.3. For a fixed M-twisting J, we have the functor 
TYIR{VVa]M\-)): {Real sets} G-Top, 

Its Goodwillie G-differential is the functor defined 



5.1.6 



analogous to KR in 
at a real set X, by 

THR^(PPa; M^; X,) := colim rj^"'" THR(P7'a; M^(S'2"'" A X,)) 

n 

The canonical map THR(PPa; — > TYSl^ {VVa;M-^ -X,) is a G- 
equivalence by |5.2.5| below. This is the G- analogous of the property of THH 
of being 1-excisive, (cf. |Goo92| ). Proposition 5.2.4 says that the differential 
of reduced KR-theory is G-equivalent the S^'^-suspension of THR. 

Proposition 5.2.4. Let J be an M-twisting of {A,L,a) with 2 ^ A invert- 
ihle, and let X, he a real set. If the G-space \X,\ is {i'i,i'2)- connected, the 
map 

KR{A;M{X.)) — > n^^^ TBRiS^VVA; M'^X.)) 

is non-equivariantly (2z^i + l)-connected, and minjz^i, 2^2 + l}-connected on 
the fixed points. 

Proof. The map of the statement is fi^'^-loop of the top row of the commu- 
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tative diagram (cf. ^2.1|and 2.3.1) 



V hom^(v3,v?®^M(X.))| 



V homA{<f,'P®AM{X.))\ 



colimf^2p,p| Y hom^(i?,i?(8)^A'/(X.))| 



colimf72p.P| Y hom^(??,t?(8)^M(X.))| 

P (S2,l)(fH-l)pp_4 



- THR(S'2'1PP^; A'/"'(X.)) 

^ EXT] 

I 

■ THR®(S'2'iP7^A; A/"'(X.)) 

~ 14.12.21 



■ C0limn2p,prj, ^^2,1 ) (iH-l) pp^ . ./(x.) ) 

P 

A 

^ 14.12.31 

► colimf72p.P| homA(i?,i?®AM(X.))| 

P (S2.1)(fH-l)PP,4 



Here (5f '"'^)''^^^^ denotes the diagonal of the S'f '^-construction iterated (p+l)- 
times, and the bottom map is induced by the inclusion of wedges into sums. 
Write 

K = {2ui + l,min{i/i,2z^2 + 1}) 

for the connectivity of the statement. By the diagram above it is enough to 
show that the map 



I V homA{^,'&®AM{X.))\ 

(S2.i){p+i)DP^ 



. I \iOTnA{^,^®AM{X.))\ 

(52,i)(p+i)X)p^ 



is [k + (2(p + l),p + l))-connected. In every simplicial degree the map of 
spaces 



V \io^a{^,^(^aM{X.))\ 



homA(i9,i?»AM(X.))| 



is K-connected, as the inclusion of wedges into products (cf. [3.4.7 and 6.3.2). 
Moreover, in simplicial degree / < 2p + 1 the map is a G-equi valence. 



This uses that Sq'^C 



0. Therefore in degree / the map is 
non-equivariantly (ki + 2{p + 1) — /)-connected. Thus its realization is 
(ki + 2{p + l))-connected, since in general a map of simplicial spaces which 
is (c — ^)-connected in simplicial degree I, induces a c-connected map on the 
realization (cf. [May 72 1 11.12]). 

In order to describe the map on the fixed points, we need to subdivide. In 
degree / < p, the subdivision of the map is an equivalence on the fixed points, 
since the non-subdivided map is a G-equivalence up to degree 2p -|- 1. Thus 
the subdivided map is {k2+p+1 — ?)-connected on the fixed points, in every 
simplicial degree /. This shows that the realization is (k2 + p+ l)-connected 
on the fixed points. □ 
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Proposition 5.2.5. If 2 £ A is invertihle, the map 

THR(PPa; M\X.)) J]2n,n xhR(PPa; M-^(S'.2"'" A X.)) 
is a G-equivalence for every real set X, and all n > 0. 

Proof. We use the abelian group model THR® for THR. The functors (to-)* 
used above to define the stabihzation maps for THR give stabilization maps 
for THR® as well, and there is a commutative diagram 

trr(vVa; m-\x,)) ^ I72n,n thr(pPa; m-^(S'2"'" a x,)) 



14311 

Y 

thr®(Wa; mJ{x,)) — ^ J^2n,n thr®(pt'a; m-^(5'2'^'" a x.)) 

We show that the bottom map is an equivalence. By |4.12.2| it is enough to 
show that the map 

THR®((S^'^)(p)PPa;M-^(X.)) 172n,nrpjjj^e^52J^(p)pp^.^J^^2n,n/\j;^J^ 

is an equivalence for all k and p. Since loops commute equivariantly with 



direct sums, the G-equivalence M — > Q*M(S'*) of 6.2.4 below (with appro 



priate G- action on S"*) gives a commutative diagram 

thr®((S'^'^)(^')i?Pa;M'^(x.)) — ^ thr®((S'^'^)(^')pPa;M'^(S'2"'»ax.)) 

A 

14.12.3 1 - 14.12.31 



(see 4.12.3 1 . Commuting Q with the direct sum, the bottom map becomes 



the direct sum of the maps 

homA{'&, 1? M){X.) homA(i9, ^9 ®a M){X. A fi-.^"'") 



which are G-equivalences again by 6.2.4[ □ 



5.3 Relation with the real trace map 

The classical trace map is a natural weak map from ^C-theory to THH, first 
defined in |BHM93| . Following |DM96) . [HMT2] we define the real analogue 
KR — > THR. 

Let (C, D,£) be an exact category with strict duality. Recall that we de- 
note THR(G) = THR(G; C) when we take coefficients in the hom-bimodule 

homHc(-, -) : HC°P A HC ^ Sp^ 

(cf. [3T3I). 
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Definition 5.3.1. The real trace map KR(C) — > O^'i THR(5f -^C) is the 
weak G-map defined by the diagram 

KR(C) < ™ n^^^\ObSyC\ ^ 1^2,1 THRolS-f'^C) 



Tr 



THR(5'f -^C) 



In 5.3.1 the right-pointing horizontal map is induced from the map 
ObS^'^C THRo(S2'iC7) 

2 1 

that sends an object X of Sn C to the element of the homotopy colimit 
defined by its identity 

idx G hom^2.ip(X,X) C V{HSl'^C,0) 



If {C,£) is split-exact, we can compose with the G-equivalence of 4.11.1 
get a weak G-map 



to 



KR(C) O^.i THR(52'iC) THR(C) 

It induces a map of real spectra upon iteration of S^'^. 

Now let C = "DVakM with duality induced by an M-twisting J of the 
antistructure {A, L, a). In the previous section we considered another equiv- 
ariant weak map from KR to THR, namely 

KR{A K M) = ™ — \j homA{(p,(p^AM{Sy))\ 

^\ 

Y Y 

THR(PPa; M-^(S'^i)) ^ > 02,1 THR(S'.2'i M^(5i'i)) 
The trace map of |5. 3.1 [ induces a weak G-map 

Tr: KR(A >< M) ^ TBR{VVakm) 

on homotopy fibers. We shall now compare the maps Tr and /3 (see |McC97| 
§4] for the non-equivariant case). 

Theorem 5.3.2. There is a diagram of weak G-maps 
KR{A K M) 5^ fHR(WAxM) 




TRR{VVA;M'^{Sy)) 
that commutes in the homotopy category. 
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This last theorem appHed degreewise to the simpHcial modules M{S^^'"'), 
|5. 2. 4| implies: 

Corollary 5.3.3. Let J be an M-twisting of an antistructure (A, L, a), and 

assume 2 £ A invertihle. The composition 

KR(^xM(52"'")) ^ fHR(PP^M(s2".")) ^ THR(PPa;M'^(52"'"aS'3'1)) 
is (4n + 1, 2n — \)- connected. 



The construction of a is analogous to the classical construction of jMcC971 
54]. It will be convenient to work in the category of real spectra, since some 



of the maps are only G-equivalences stably. The map a of 5.3.2 is then 



the infinite loop map of a map a of real spectra (cf. 1.5.15) defined by the 
diagram 



Tm{vvAKM) 



[5X51 



THR (Wa X M-^) 
~ I4X2I 



T^{HVVa V HM-^) 
11331 



(1) 



pr 



(1) 



153:81 



S]!^ A TRR {VVa;M 

pr 



[53:91 



5^'^ a thr (pPa;M 



The symbol ~5 indicates a stable G-equivalence of real spectra, ~ a levelwise 
G-equi valence. 

The terms and maps in the diagram will be defined below. They make 
sense in the generality of a category (C, D) enriched in Abelian groups with 



strict duality, and a bimodule M: ®C — > Ab with duality J (cf. 3.5.5). 



Definition 5.3.4. The category C k M has the same objects as C, and 
morphism groups 



{C K M)(c, c) = C7(c, c) e M(c, c) 
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Composition of (/, m) : c — > c' and (/', m') : c' — > c" is defined by 

(/', m) o (/, m) = {f o f,f' ■m + m ■ f) 

The duality {D, J): {C v. M)°p — > C t< M is D on objects and D e J on 
morphisms. 

^J'rojection off the M-component gives a functor C K M — > C, and 
THR(C >< M) is the homotopy fiber of the induced map. 

Example 5.3.5. For C = Wa and M'^ the bimodule associated to an 
Af -twisting J of {A,L,a), this construction gives an equahty 

(VVa) tK = V{V{A;M)f 



(cf. ^3.6 and 2.6) where we remind that T>(V{A; M)) is the full subcategory 
of the category W{A] M) on objects of the form (0, 0). 
We used this category as a model for T>VaikM, when we defined an equiva- 
lence of categories with duality 



(VVa) X M-^ = V{V{A- M)f ^ VVak 



M 



m 



2.7.2 and 2.6.1 This induces a G-homotopy equivalence 



THR((Wa) X M-^) ^ THR(Wa 



since THR preserves equivalences (cf. [4.1.4 ). More generally, we can apply 



the 5^'^-construction. By 2.6.2 and 2.7.2 we get a G-equivalence 



THR((5^'^Wa) X M-') ^ THR(5^'^PPAKAf) 

for every k. The construction clearly extends to the deloopings of THR of 
54.6 giving a levelwise equivalence of real spectra 



THR ((Wa) X M-^) ^ THR (Wa 



This is an equivalence over THR(P'P^), and its restriction to the homotopy 
fiber is the top horizontal map in diagram (1). 

Let C be an S'p^-category with duality and M a bimodule with duality 
over it (cf. Q). 



Definition 5.3.6. Define C V as the Sp^-c&iegoYy with the same object 
as C, and morphism spectra 
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Composition is defined by the composite 



(C(c', c") V M{c', c")) A (C(c, c') VMic, c')) 

(C(c', c") A C(c, c')) V (C(c', c") A X(c, c'))V 
{Mic', c") A C(c, c')) V {M{c', c") AM{c, c')) 

oVZVrV* 

C{c,c")V M{c,c")\/ M{c,c") 

id V fold 

C{c,c")V M{c,c") 

where I and r denote respectively left and right action of C on the bimodule 
Ai. The identity of an object c is its identity § — > C{c, c) in C followed by 
the inclusion in the wedge. There is a duality on C V defined by D on 
objects and by D V J on morphisms. 

The inclusion of wedges into products defines a diagram of duality pre- 
serving functors 

HC V HM ^ H{C K M) 




The horizontal functor is a stable G-equivalence by |3.4.7 and it induces a 
G-equivalence 

f}iR{HC V HM) ^ fHR(C >< M) 
The same construction on the real spectra gives the levelwise equivalence 

TER iHC V HM) ^ THR jC tK M) 



appearing as the top right vertical map in diagram (1} 



We next define THR (°')(C; M). We remind from ^3.3 
V{Cy M;Cy is a wedge sum indexed over /c-tuples 



that V{C\JM,i) := 
of objects of C VA^. 



Hence the (cq, . . . , Cfc)-wedge component of V{C y M.,i) is a wedge sum of 
spaces of the form 

-^°(co, Cfc)i(, A J'^(ci, Co)ji A • • • A T'^{ck, Cfc„i)ij^ 

where is either C or A^. For every integer a > let V'^°'\C; be the 

subspace of y(C V A^,i) of wedge summands with exactly a smash factors 
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M.. For example 

yW(C;7W,i)= V (7W(co,Cfc)io AC(ci,co)ii A---AC(cfc,Cfc_i)iJ 

V{C{cQ,Ck)io A A^(ci,co)iiAC(c2,ci)i2A. . .AC{ck,Ck-i)i^) 

V(C(co, Cfe)io A • • • A C(cfc-i, Cfc_2)ifc_i ^ -M-ick, Ck-i)ik) 
Define the functor gP{C; M) : I[k] — > Top^ by 

i ^ (C; A^) (i) = Map, (S^ y (C; , i)) 

and set 

THrJ."^ (C; A^) = hocolim (C; Al) 

The G-action, the cychc action and the simphcial structure on THR.(C V 
Ai) all restrict to define a dihedral space structure on the simphcial space 
THR(")(C; Al). The G-space THR(")(C; Al) is its geometric realization. The 
same construction for the spaces V^^\C;M.,i) A 5'2m,m igg^g g, real spec- 
trum THR (°)(C;A(). The inclusion of V^"-\C;M,i) in V{CVM,i) induces 
a map of real spectra 

THR (")(C;A^) — > THR (C V At) 

for every a > 0. The map pr^^) in diagram (1) is the projection onto the 
a = 1 wedge component. 

Proposition 5.3.7. IfC and At are G-connected, the canonical map 

oo 

Y THR (") (C-M) ^ THR (C V M) 

is a stable G-equivalence of real spectra, and induces a stable G-equivalence 



\J tHR (°^ {C;M) ^ THR (C V A^) 



a=l 

Proof. Since wedges commute with realizations, it is enough to prove that 

oo 

V THR(°) (C;At)^THR (CVAt) 

^„ 2k+l 2k+l 

a=0 
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is a stable G-equivalence for all k. For every i G I[2k + 1] and m > there 
is a commutative diagram 



Vr=oTHR£Vi(C;A^,5^'"' 



2rri'm\ 



2m,m\ 



THR2fc+i(C VA^,5 



2m,m\ 



0HF(Cv7W,i) A5' 



By the G-approximation lemma, one can choose i big enough so that the 
horizontal maps are as connected as we like. The top right vertical map is 



(4m — 1, 2m — l)-connected by 3.4.8 On realizations, the map 

00 

\J THR('^)(C; X, 52"^'"") THR(C V 7W, S^™'™) 

a=0 

is also (4m + 1, 2m — l)-connected, so that 

00 

^2m,m Y THR(")(C; 7W, 52"^'"^) ^ Q2m,m THR(C V , S^'"-'") 



a=0 



is (2m + l,m — l)-connected. This tends to infinity with m. 
We now come to the stable equivalence 

5+'^ ATHR(C;7W) THR(^)(C;.M) 
For i^I[k] consider the homeomorphism 

(/>: (5^'')+ Ay(C;A1,i) Ay(i)(C;A^,i) 
that sends (a, m A /i A • • • A //t) to the unique cyclic permutation 
fk+i-a A---A/feAmA/iA---A fk-a 



□ 



that has m in position o", upon using the bijection S^'^ = {0, . . . , /c} that 
counts the number of 1-values of a: [k] — > [1] (remember that the cr = 
and (7 = 1 are identified). It induces a diagram of simplicial maps 



(5^'^)+ATHRfc(C;A^,5- 



■2m, m\ 



hoco\iTn{Sl^)+^n^{V{C]M ,i) AS^™'™) 
i[k] 



(2) 



THR^^^(C;7W,52™'™) 



hocolimOH(5t'^)+Al^(C;A^,i)A52m,m-) 

7[fc] v\ fc /-r V 
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Proposition 5.3.8. IfC and Ai are G-connected, the realization of the above 
map 

SY M:YiR {C;M) ^ THR (^)(C;.M) 
is a stable G- equivalence of real spectra. 

Proof. The right-hand vertical map of diagram (2) above is (4m + 1, 2m — 



l)-connected by 3.4.8 Therefore its realization is also (4m + 1,2m — 1)- 



connected, so that 

is (2m + 1, m — l)-connected, which tends to infinity with m. 
There is one last map to discuss in diagram (1), namely 
S^'^ A THR(C; M) THR(C; M(Sy )) 

It is the realization of the simplicial map defined in degree k by 



□ 



5^'VTHRfc(C;M,5' 



2m, m\ 



■ hocolim 5^'V0^(y(-H"(:7;-H"M,i) 



m 



(3) 



1>1\ Q2m', 



THRfc(C7;M(5^'^),5- 



hocolimnUsl'^AV(HC;HM,i)AS 
lik] ^ ^ 



2m,m\ 



The right vertical map is a stable equivalence by the proof of 5.3.8 The 
bottom horizontal map is induced by the canonical maps 



M(co,Cfc)(5^«) A 5^'' ^ M(co,Cfc)(5*« A S^'^) 
Proposition 5.3.9. The map 

S^'^ A THR (C; M) ^ THR (C; M{Sy)) 

is a stable G- equivalence of real spectra. 

Proof. We show that the subdivision of the bottom map in diagram (3) is a 
levelwise G-equi valence. The canonical map 



iI.In 



M(co,Cfc)(5^«) A5. 



1,1 

2k+l 



is (2io — 1,^0 — l)-connected by an easy case of 6.3.1 Thus the map 



n\s]:^ A v{HC; HM, i) A s^' 



2 m, m\ 



VL\V{HG]HM{S]:^),i:) AS 



~i2m,m\ 
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IS 



(io + 2m- 1, [^J -2 + m- 1) 



connected. This tends to infinity on I[2k + 1], and therefore it is an equiva- 
lence on the homotopy cohmit for all m and k by 4.3.1 □ 



Proof of 5.3.2 To show that a o Tr = /3 in the homotopy category, we build 
a diagram of G-maps below, that commutes up to G-homotopy. The dashed 
maps are yet to be defined. Recall that 



so that by definition KR(^; M) = O^.i^s.i^^. j^y 



y hoinA{ip,ip<^AM)\ 
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The weak map a is the composition of the outer arrows of the diagram 
from rj2'iTHR(52'iWAxA/) ^ THR(W^km) to THR(W^; M{S]^^)). The 
unlabeled squares commute by naturality of our constructions. We define the 
dashed maps and show that the squares (I), (//) and (///) commute up to 
G-homotopy. 

The map s: KR(yl; M(S'3'^)) — > ¥^{A;M{S]l)) appearing at the top 
left of the diagram is induced by the canonical section 



M{Sy) ^ MM N^yU ^ M{S, 



of the projection M{S]l^) — > M{S}'^). It sends an element (mi, . . . , m^) 
to (-X]im.i,mi,...,mfc). 

The map 7 in the top triangle is the restriction (to the homotopy fiber) 
of the realization of a simplicial functor 



7n: OhS''/VVA 



]J homA(v7,V7®AM) = 52'1(^;M) 



where OhSn'^VPAKM is considered as a discrete category (i.e. only identity 
morphisms). It sends an object {H,K,v) to the object [H ® K ® 
74,7„(z/)), where 7n('^) is the composite 




\iOYO.a{H0 ®Ai<MA, {Li ®akmA)s 



h.omA{He ®At<MA, Ls 



where the unlabeled isomorphisms are the canonical ones. 

Let us prove that triangle (/) commutes up to G-homotopy. It is the 



equivalence ^ of 2.3.1 that induces the vertical map of (/). Consider the 
diagram 

VF 



iSf^'VVA.M WTf^'iA; M) 



ObSj'^VVA^ 



M 



where F' is an inverse of DF construct in the proof of 2.6.2 l is the inclusion 
functor of ^2.5 and ^ = T>F o l. Since DF and F' are mutually inverse 



equivalences of categories with duality, there is a G-natural isomorphism 
k: DF o F' =^ id. Restricting to the discrete category of objects, it is gives 
G-natural isomorphism 



K : o 7 = DF o t o 7 = DF o F' o i 
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inducing a G-homotopy between ^' o 7 and the inclusion of the objects of 

The map $ in the diagram is the restriction to the homotopy fiber of the 
map induced by the simphcial map 

ObS^'^VVA 

that sends {Hq, . . . , h^) G hom^((^,(^ (8>^ M)®^^'^^') to the element of the 
homotopy colimit defined by 

ho 1 J \ hk I 

in the . . . , ^'(v?))-wedge component of V{HS^''^'DVAtKM,0). Each hi 

is actually a pair {fi,gi) with /j : X — > X (^a M and gi : Y — > Y ®a M, 
and 

With this definition square (//) commutes up to G-homotopy. Indeed, an 
object ly S SJ'^WakM is sent by $57 to 

$s(0^(^)) = $(0^(j,)) = id,i,^(^) A • • • A id^^(^) 

The trace map sends v to 

Ti{v) = id,, A • • • A id;. 

The G-natural isomorphism o 7 =^ described above induces a simplicial 
G-homotopy between ^>sG and Tr, defined in a completely analogous way 

to the simplicial homotopy of |4.1.4[ 

: 5+'^ A THR(G; M) 

A THR(G; M) THR(i)(G; M) 



The map r : S];^ A THR(G; M) — > THR(i/G V HM) is the composite 



V,>i THR('^) (G;M) 
[53:71 

tHR(FG V HM) 

where the unlabeled map is the inclusion in the a = 1 wedge summand. It 
is easy to check that square (///) commutes. Indeed, an element o" A /i G 
(5"^'^)+ A hom^(99, 99 ®A M) is sent by both composites to the element of 
THRkiS^'^VVAiKM) represented by 

id^(ip) A • • • A id,^(^) ^ \ 1 ) '^'^'fH ^ id*(<p) 
where the matrix is in the smash factor in position a. □ 
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6 Appendix 



6.1 Quillen modules over antistructures and Af-twistings 

In |Qui70| Quillen defines a category of bimodules over an object X of an 
arbitrary category C. Here we show that in the case of the category of anti- 
structures C (cf. ^1.3[), the category of bimodules over {A, L, a) is equivalent 



to the category of twistings of (A, L, a) of i2.2 



Definition 6.1.1 ( |Qui70| ). Let C be a category with finite limits and X 
an object of C. The category of bimodules over X is the category 



Mod(X) = {C/Xf'' 
of abelian group objects in the over category C/X (cf. |ML98| III-§6]). 

Let 7lA.L,a) be the category of twistings of an antistructure {A, L, a). An 
object is a pair (M,J) of an j4-bimodule M and an M-twisting J: Lt 0a 
M — > Lt®AM (cf. |2.2.1[ ). A morphism from (M, J) to (M', J') is a map 
of bimodules / : M — > M' such that 



Lt 0A M Lt (^A M' 



J' 



Lt A M — ^ Lt (^A M' 



commutes. 

Theorem 6.1.2. Let (A, L,a) he an antistructure. There is an equivalence 
of categories 

^: 'T{A,L,a) — >Mod{A,L,a) 

Explicitly, a module over X G C is a quadruple {9,r],e, {—)^^) of a 
map 9: Y — > X in C and maps rj: Y Xx Y — > Y, e: X — > Y and 
{—)~^ : Y — > Y over X satisfying conditions expressing associativity and 
commutativity of r/, that e is a unit for 7] and that (— is inversion for the 
addition rj. 

The functor H at a twisting (M, J) is defined as the following quadru- 
ple {9,r],e, (— )^^). A map of antistructures is a pair of maps, one defined 
between the underlying rings and one between the underlying modules, sat- 
isfying certain conditions (cf. |1.3.5 ). The map of antistructures 9 is the 
projection 



9: {AtK M,L'^,a-^^ 

both on the ring and on the module. We remind that {A x M, L"' ,a"' ) is the 



antistructure defined in i2.2 with L"^ = Lt ® L 



{A,L,a) 
jt ^A M and a"' = (a, J). In 
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order to define the map 77 we notice that the pull-back of antistructures is 
componentwise, in particular 

The group map r] is the map of antistructures 

rj = {ni,r]2): {A tK M Xa A tK M, L-^ Xl L-^ ,0-^ x a"^) — > [A x M, L"^, a"^) 

defined by 7?i(a, m, a, m') = (a, m + m') and 772 ^' <^ m, I, I" (8) m') = {I, I' (8) 
m + I" ® m'). The unit map 

e: (^,L,a) ^ {Ak M,L-^,a'^) 

is the zero section both on A and on L. Inversion 

{-)-^ : {AxM, L"^, a"^) — ^ K M, L"^, a"^) 

sends (o, m) to (a, — m) on the ring and {I, I' m) to —I' m) on the 
module. On morphisms, S sends a map of twistings / : M — > M' to the 
morphism of {A, L, a)-bimodules defined by the map of antistructures 

{A X f,Lt®Lt^ f): {Ax M, L'' , a'') -^{Ax M', L^\a''') 

We show below that S is fully faithful and essentially surjective. For 
essential surjectivity we need to know more about the antistructures with 
underlying module Lt © Lt ®a M. 

Definition 6.1.3. A full twisting of an antistructure {A,L,a) is a pair 
(J, K) of additive maps J: Lt®AM — > Lf ®a M and K: L — > Lt (g)^ M 
satisfying 

1. J {I ® m ■ a ® a') = J {I ®m)-a'®a 

2. Jo J = id 

?,. K{l-a®a') = K{l-a®l)-a' ®l + K{l-l®a')-l®a- K{1) ■ a' ® a 

4. K o a = — J o K 

We say that (J, K) is regulsir if K defines a module map K : Lg — > {Lt (8) a 
M)t, that is if 

K{l-l(g)a) = K{l)-a(gil 

for ain G L and a & A. 

Remark 6.1.4. If {J, K) is regular, the identity K = —JKa implies that 
K{1 • a 1) = K{1) • 1 (g) a as well. Notice also that an M-twisting is a full 
twisting with K = 0. 
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We generalize the construction of the antistructure [A k M, L"^ jU"^) of 
^2.2[ From a full twisting (J, K), define another A tK M- module structure on 
F{Lt) = Lt ® Lt <^A M by defining (/, /' (g) m) • 1 (g) (a, n) to be 

(/ • 1 ® a, /' ® m • 1 (g a + J{a{l) (g) n) + K{a{l) • a (g) 1) - K{a{l)) • 1 (g a) 

This module structure together with the standard structure of F{Lt) define 
a At< M At< M-module denoted L^'^ . Define a map a^'^ : L-^'^ — > L^'^ 

by 

a-^'^{l, I' ®m) = {a{l), J{l' (g m) + K{1)) 

Notice that if the full twisting is regular, L^'^ = L"^, but a"^'^ does not need 
to agree with a"^. 

Lemma 6.1.5. The triple [A >< M, L'^'^ , a'^'^) is an antistructure covering 
(A, L, a). Moreover every antistructure {A x M, L*^, a*^) over {A, L, a) with 
underlying target module Lf^ = Lt® Lt (gyi M is of the form 

{A K M,L^^,a^') = {Ak M,L-^'^,a-^'^) 

for some full twisting (J, K). 

Proof. The proof that {A tK M, L"^'^, a"^'^) is an antistructure is essentially 
the same as the special case K = presented in 2.2.5 It uses the fact that 
the map 

^p: F(hom{P,Ls)) hom(F(P), L^'^) 
that sends (A, 5 (g n) to the module map 

^(A, 6 (g n){p,p' g) m) = {X{p),5{p) (g n + K{a{X{p))) + J{a{X{p')) (g) m)) 



is a bijection (not a map of modules unless {J,K) is regular, cf. 2.2.4). 

Now suppose that {A x M,L^'^,a^'^) is an antistructure over {A,L,a) 
with L^^ = F{Lt) = Lt® Lt ®a M. Let us identify the second A tK M- 
module structure on L^^ . Multiplication by {a,n) ^ A tK M in the second 
structure is a map of right modules 

(-)-l® (a,n): F(Lt) ^ F(Lt) 

By 2.6. 1[ such a map is of the form 

(/, /' (g m) • 1 (g (a, n) = ((/)a,n(0' </'a,n(Z') (g m + fa,n{l)) 

for some maps of right A-modules 0a,n : Lt — > Lt and fa^n '■ Lf — > Lt®AM. 
The fact that the second structure is indeed a module structure gives some 
compatibility identities between these maps, and from these one can see that 
the maps /o,n fit together into a map J : Lt (g^ M — > Lt ®a M defined by 

J{l®m) = /o,m(a(0) 
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The map must be of the form 

a^^{l, l'(^m) = (a(0, J{1' «> m) + K{1)) 

for some map K : L — > Lf (8>a M. Again by the module identities, one can 
check that the pair (J, K) defines a full twisting. □ 



Example 6.1.6. Recall from 2.2.3 that an anti-involution a on ^ x M 
covering a : A"^ — > A is of the form 

a{a, m) = {a{a),r{a) + j{m)) 



for maps j and r satisfying relations very similar to 6.1.3 Indeed, the an- 
tistructure (A t< M, A t< M, a) is the same as the one associated to the full 
twisting (J, K) given by (j, r) under the canonical isomorphism Lt 0a M = 
A(^aM ^ M. 

Because of the properties of r, the full twisting given by (j, r) is regular 
if and only if r = 0. 

Proof of \6.1.2 We show that H is fully faithful and essentially surjective. 
Faithfulness is clear. 

To see that H is full, let 

H(M, J) E{M', J') 

be a map of abelian group objects. This is a map of antistructures 

{g,G): {A k M^L^a'^) — ^ x M' ,L^' ,a-^') 

over (^4, L, a) satisfying certain compatibility conditions with the group 
structure. We need to show that {g,G) = for some map of bimod- 

ules /: M — > M' . The map g: A t< Ad — > A t< M' is a ring map over A, 
and so of the form 

g{a,m) = {a,f{m) + r{a)) 

for a map of bimodules /: M — > M' and a derivation r: A — > M' . The 
map {g,G) preserves the unit maps 

e:{A,L,a) — > {A x M, L-^ , a-^) , e' : {A, L,a) ^ {A x M, L-^' , a-^') 

defined by the zero section, that is (g, G) o e = e'. In particular the map g 
satisfies (7(0,0) = (a, 0), and so r must be zero. This shows that g = A K f . 
Let us see that G = Lt® Lt® f . The map G is an additive map over L also 
commuting with the zero section, and so of the form 

G{l,l' ®m) = {l,F{l' ®m)) 
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for some additive map F : Lt ®a M — > Lt M' . Since (g, G) is a map of 
antistructures it preserves the target module structure, i.e. 

G{{1, 1' (g)m) ■ (a, n) (g) 1) = G{1, 1' (g) m) ■ (a, /(n)) (g) 1 

This forces F to satisfy 

F{1' ®m-a + l®n)= F{1' ®m) ■ a + l(^ f{n) 

and setting a = we obtain F = Lt® f . 

To see that H is essentially surjective we need to prove that any abelian 
group object 

{9: {B,K,/3) ^{A,L,a),ri,e,{-)-') 

in the category of antistructures over (A, L, a) is isomorphic to H(M, J) for 
some j4-bimodule M and M- twisting J. Since the map e is a map over 
{A, L, a) the diagram 



iA,L,a)^^{B,K,(3) 




iA,L,a) 

commutes, that is e is a section for 6. In particular the underlying ring map 
ei : A — > B is a section for the ring map 6i : B — > A. Define M := ker 
with A-bimodule structure via the section ei, that is a-m-a' = ei{a)-m-ei{a'). 
There is a bijection 

4>: Ap< M — > B 

defined by (j){a, m) = ei(a) + m. It is a ring map if and only if the product 
of any two elements m, m' in the kernel M is zero. To show this, notice that 
for any m £ M the pairs (m, 0) and (0, m) are in the pullback B XaB. Since 
ei is the unit for rji: B Xa B — > B it satisfies 

rji (m, 0) = ?7i (0, m) = r]i (ei (0) ,m) = m 

Since r/i is a ring map we have 

m ■ m' = r]i{m, 0) • ??i(0, m) = r/i((m, 0) • (0, m')) = ?7i(0) = 

and therefore (p is a ring isomorphism. 

The underlying map of modules 62 : L — > K induces an isomorphism of 
i?-modules 

€2-. Lt^AB — > Kt 



(cf. 1.3.5) that induces an isomorphism of ^ >< M-modules 



Lt®Lt®AM^Lt®AAKM^-^ Lt®AB ^ Kt 
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By lemma 6.1.5| above there is a full twisting (J, K) such that the map 

(cP, 62 o {Lt ® cP)) : {A K M, L^'^, a^'^) ^ (S, K, /3) 
is an isomorphism of antistructures. A calculation shows that 

{(p, 62 O {Lt (g) (p)) O (S, S) = (61, 62) 

where (s, S) : {A, L, a) — > {A tK M, L'^'^ , a"^'^) is the zero section. Therefore 
(s, S) is also a map of antistructures, and as such S o a = a'^'^ o S. This 
forces K = 0, and therefore we defined an isomorphism of antistructures 

(</., 62 o {Lt ® cP)) -.{A KM, L\ a^) {B, K, 13) 

It remains to show that (i;^, 62 o {Lt (8) (p)) defines a map of abelian group 
objects 

E{M,J)^{e,v,e,{-)-') 

The identity {(p,e2 o {Lt (p)) o {s , S) = e above shows that the unit is 
preserved, since the zero section (s, S) is the unit for H(M, J). The ring map 
(p preserves the group structure rji, in the sense that the diagram 

Ak M XAAt< M^^B xaB 

A K M ^B 

commutes. Here the left vertical map is the underlying ring map for the 
group multiplication map of H(M, J). Indeed the top composite is 

r]i{(p{a,m),<p{a,m)) = rii{ei{a), ei{a))+rii{m.,0)+r]i{0,m') = ei{a)+m+m 

which is equal to the bottom composite (p{a, m + m'). A similar proof shows 
that the group law is preserved for the maps of modules. □ 

We finish the section with a classification of all the dualities on VakM 
covering a given {A, L, a) and a discussion on the equivalence of categories 



F: 'P{A;M) — > VaxM- We remind from ^2.6 that the category V{A;M) 



has objects ObVA, and the morphism set from P to Q is 

homA(P, Q) e homyi(P, Q (g>A M) 
The equivalence F is defined by F{P) = P ® P ®aM. 

Proposition 6.1.7. Let {A x M,L^^,a^'^) be an antistructure admitting a 
map of antistructures 

9: {Ax M,L^^,a^) {A,L,a) 

with the projection A x M — > M as underlying ring map. Then there is 
a full twisting (J, K) and an isomorphism of antistructures over {A, L, a) 
between {A x M,L^^,a^'') and {A x M, L-^'^, q-^'^). 
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Proof. If (pr, G): {At< M, , a^) — > {A, L, a) is a map of antistructures, 
the map 

given by G{1 (Si a) = G{1) • a (gi 1 is an isomorphism of right A-modules (cf. 



1.3.5). This induces an isomorphism 

F{G-') : F{Lt) A F(Lf ®a^m A) 



with right-hand side isomorphic (non-canonically) to (cf. proof of 2.6.1 ). 
Therefore there is a unique Ak M ® Ak M-module structure on F[Lt) and 
a unique (3: F{Lt) — > F{Lt) such that the isomorphism Lf^ = F[Lt) gives 
an isomorphism of antistructures 

{A K M,L^^,a^) ^{Ap< M,F{Lt),^) 



By lemma 6.1.5 above the antistructure (A ix M, F{Lt), (3) must be of the 
form {A K M, L'''^ , a'''^) for some full twisting (J, K). □ 



The next follows directly from |1. 273 



Proposition 6.1.8. Given a full twisting {J,K) of {A, L,a), there is a du- 
ality on V{A;M) covering (A,L,a) such that the functor F: V{A]M) — > 
'PakM is an equivalence of categories with duality. 

In the regular case, we are able to describe the duality on V{A; M) cor- 
responding to (J, K) explicitly. 

Proposition 6.1.9. Let {J,K) be a regular M-twisting of {A,L,a). The 
functor Dj from 2.5.1, together with the natural isomorphism rj defined by 
the pair 

VP = {ri% v¥) e homA(P, Z?i(P)) homA(P, DI{P) ®a M) 

with r]p (p) = ^~^(A I— )• —K{X{p))) is a duality structure on V{A;M). 

The functor F : V{A]M) — > VakM together with the natural isomor- 
phism 

^p: F(hom{P,Ls)) hom(F(P), L^'^) 

defined by 

^(A, 6 (g) n){p,p (S>m) = {X{p),6{p) S) n + K{a{X{p))) + J{a{\{p')) ® m)) 
is an equivalence of categories with duality 

{V{A;M),Dj,7]) (Va^m, D^jj.- ,r]) 

over {VA,F)L,r]°'). 
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Here//: horn AiP, DI{P))(^aM — > houiAiP, DI{P)(^aM) is the canon- 
ical isomorphism. Notice that since {J,K) is regular, A i— )• —K{X{p)) is 
indeed an element of hom(L'i(P), (Lf <^a M)s)- 



Proof. Same proof of [2X4] □ 

Remark 6.1.10. In this more general setting, the action on the category 
W^A] M) does not restrict to the subcategory 'DV{A; M)^ on objects of the 
form {(j), 0), since 

DM, 0) = 0) o (r?", r/^) = {Dl{<P) M) o r/*^) 

and 7]^^ is not necessarily zero if X 7^ (cf. ^2.7). Therefore there is 



no obvious duality on the category S^' {A; M) for a non-zero K, and no 
analogue for theorem |2. 3. 1[ 

What stops us from explicitly computing the duality onV{A] M) associ- 
ated to a non-regular {J,K), is the fact that the bijections are not maps 
of modules. However, we know by |2.6.l| that there exist an isomorphism 

homA^M(F{P),Li''') ^ F {horn A,. M{F(P),Li''') ®a^m A) 

and the right hand side is canonically isomorphic to F(hom/i(P, L^)). One 
could try to write down these isomorphisms by choosing projective basis for 
the modules, but I do not think that the result would not be very satisfying. 

One could alternatively proceed backwards. Given a duality (D, r/) on 
V{A]M) covering (^,L,a), there is an induced duality on Va<kM- This 



duality is associated to an antistructure by 1.3.4 and this antistructure only 
depends on what the duality does to A K M. For the module A K M, all 
the choices of isomorphism are canonical, and one can explicitly show that 
this antistructure is induced by the following full twisting. The functor 
D : V{A; MfP — > V{A; M) on a morphism {4),f):P — > Q is of the form 

D{^, f) = {Dl{cP),Hp,q{^) + Ip^Qif)) 

for natural maps 

Hp^q: hom(P,Q) \iOYn{D l{Q) , D l{P) ®aM) 

and 

/p,q: \iom{P,Q®AM) ^hom{DL{Q),DL{P)®AM) 
Denote : A — > A ®a M the map of right A-modules 

fm{a) = l(^m- a 

Now define 7: DLiA) 0a M — > DiiA) <^a M by 

J(A®m) = /A,A(/m)(A) 
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The J-map of the full twisting is then 



J: Lt(^AM^ Dl{A) ®aM ^ Dl{A) ®aM ^ Lt^AM 

For the map K, consider the second component of the natural isomorphism 
r/ at A. This is a module map r/ : A Dl{A) ^aM ^ DL{Lt) ®A M, 
and K : Lt — > Lt <^a M is defined by 

K(Z) = M(r?^(l))(Z) + F(0 

where H corresponds to Ha^Dl(A) under the canonical isomorphisms 



Lt = Dl{A) ^ homA{A, Dl{A)) "^'"'^^^ . homAiDl{A), Dl{A) ^a M) 



H 



Va 



Lt ^A M ^ DiiA) ^A M ^ hom^(^, Dl{A) ^a M) 

and ^: DL{Lt) 'Sia M — > homA(i^t, {Lt M)s) is as usual the canonical 
isomorphism. 



6.2 G-Bcir constructions (joint work with Kristian Moi) 

This section is inspired in part by conversations with Nisan Stiennon. Recall 
that S}'^ denotes the simplicial circle S} = A[1]/5A[1] with levelwise G = 
Z/2-action induced from the involution co^ on Cat{[k], [1]) sending a: [k] — > 
[1] to 

iuja){j) = 1 - a{k-j) 

Writing a = (O-'l'^"'"^"-'), the involution sends a to (O'^"'"^"-'!-'). Given a 
topological monoid M, consider the simplicial topological monoid M{S}'^) 
defined dcgrccwise by taking reduced configurations of points of S}'^ labeled 
by M, that is 

M{S}'% = M{Sl'') = ( M • a)/M ■ * 

Faces and degeneracies are defined by linear extension of faces and degen- 
eracies of S}'^. Notice that this is isomorphic to the standard Bar construc- 
tion on M. Now suppose that M has an anti-involution, that is a monoid 
map D : M°P — > M with = id. This induces a degreewise G-action 
D: MiSl'^P M{Sl'^) by sending Ei^^i^^i 

-P(y^ miai) = X D{mi)ujai 

i i 
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This action is not simphcial, but it defines a real space structure on M(5_ 



1,1^ 



(cf. 1.4.1). Its realization is the G-space denoted M{S^'^). The one- 
simplicies of M{S}'^) are canonically G-homeomorphic to M, and the adjoint 
of the projection map 

M X ^ M{S^'^) 

induces a G-map M — > 0^'^M(5'^'i). Here 17^'^ = Map^{\S}''^\, -) denotes 
the pointed mapping space with conjugation action. The next result has 
also been proved independently, using somewhat different methods, by Nisan 
Stiennon |Stil2| . 

Proposition 6.2.1. Let M be a monoid with anti-involution, and suppose 
that 7ro(M) is a group. Then the map M — )■ Q}''^M{S^'^) is a G -equivalence. 

Remark 6.2.2. Kristian Moi proved that for any monoid with anti-involution 
M, the canonical map — > (Q^'^M{S^'^))^ induces an equivalence in 
homology after localizing the action of ttqM on i7^,(M*^). 

The proof of the proposition is given later in the section. Now let S}'^ be 
the simplicial circle with trivial G-action, and suppose that the topological 
monoid with anti-involution M is abelian. In this case the fixed points of the 
action is a submonoid of M, and one can define M{S}'^) as the same 
simplicial space as M[S}'^), but with levelwise action defined by 

i i 

This action is now simplicial, and the adjoint of the projection map 

induces an equivariant map M — > VLM{S^'^) where the loop space now 
carries the pointwise action (that is, the conjugation action on the mapping 
space for the trivial action on the circle). 

Proposition 6.2.3. Let M he an abelian topological monoid with additive 
involution, and suppose that both 7ro(M) and 7ro(Af'^) are groups. Then the 
canonical map 

M — > nM{S^'°) 

is a G -equivalence. 

The proof of this last proposition can be easily reduced to the classical 
non-equivariant proof (see e.g. [May 75 [ 7.6]), which we recall. 

Proof. Consider the simplicial space PM{S}'^) define in degree k as 
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with simplicial structure obtained by forgetting do and sq in every simpli- 
cial degree from M{S}'^). The forgotten face do gives a simpHcial map 
do'. PM(S}'^) — > M{S}'^). Levelwise it is the trivial fibration with fiber 
M. It is a known fact that since M is group-hke, a levelwise fibration realizes 
to a fiber sequence 



This can be shown using the criterion 6.2.9 at the end of this section. More- 



over the space PM{S^' ) is simplicially homotopy equivalent to M(5g' ) = *, 
and therefore the canonical map M — > QM{S^'^) is an equivalence. 

We now prove the statement on the fixed points. The restriction of the 
map do levelwise on the fixed points, gives a sequence 

which is again a fiber sequence since is group-like. This gives an equiv- 
alence 

where the first homeomorphism comes from the fact that the action on S}'^ 
is trivial. □ 

Since G has only two irreducible real representations, one can decompose 
any representation sphere S'^ as a smash product of S^'^ and S^'^. An easy 
induction argument using the fact that M{S}'' A S}'^) = M{S^''-){S}'^) for 
i,j = 0, 1 gives the following. 

Corollary 6.2.4. Let M be an abelian topological monoid with additive in- 
volution, and suppose that both irQ{M) and 7ro(M'^) are groups. Then the 
canonical map 

is a G- equivalence. 



We now prove proposition 6.2.1 As seen in the proof above, a standard 
technique to show that something is a loop space, is to build a fiber sequence 
with contractible total space. Here we develop a framework that allows us 
to show that a G-space is $7^'^ of something, and later we will apply it to 
prove the proposition. 

Let X be a pointed G-space with action given by an involution D : X — > 
X, and let 



P4 



X^^X 
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be a commutative diagram of pointed spaces. Denote D- the inverse of the 

homeomorphism D+. Since = id, it follows that = p+D^. In this 

h 

situation, the homotopy puUback Y+ Xx Y- of the diagram 

Y+ 

p+ 

Y 

h 

admits G-action, defined as follows. An element (y, 7,J/ ) & Y^ Xx Y^ is a 
triple {y,^,y') eY+xX-^xY^ such that 7(0) = p+{y) and 7(1) = P-{y'). 
This triple is sent by the action to 

iD^iy'),Dj,D+iy)) 

where Dj denotes the path obtained by applying the involution D pointwise 
to the backwards path j{t) = 7(1 — t). 

One can describe the fixed points of the homotopy puUback again as a 
homotopy puUback. 

h „ 

Lemma 6.2.5. There is a natural homeomorphism between (1+ Xx I'-) 

h „ 

and the homotopy puUback Y^ Xx ^ of the diagram 

y+ 

XG ^X 

where the bottom map is the inclusion of the fixed points. 

h „ 

Proof. An element of (1+ Xx YJ)^ is a triple of the form (y, 7, D^y), where 
the path 7 satisfies 

7 = Dj 

This means that 7 is determined by its restriction to [0, 1/2], since 7(1 — t) = 
D^{t). Moreover 7(1/2) is a fixed point since 

D^{l/2) = 7(1/2) = 7(1 - 1/2) = 7(1/2) 

h „ 

An element of Y+ Xx X^ is a path 5: I — )■ X and a y G 1+ such that 
p+{y) = (5(0) and (5(1) G X'^ . Thus we can map {y,j,D+y) to the pair 
(y, 7I [0,1/2])- This defines a map 

(y+ XX Y_f Y+ XX 



174 



with inverse sending (y, S) to the triple (y, 7, -D+y) with 7 defined by 

r 6it) if [0,1/2] 

^^'^ \ DS{2 - 2t) if t G [1/2, 1] 

□ 

There is an equivariant inclusion map l: W'^X — >Y+ XxY^ that sends 
a loop r of X to the triple (*+, r, *_), where *_|_ and *_ denote respectively 
the base points of 1+ and YL . 

Lemma 6.2.6. A contraction of 1+ induces a G-homotopy inverse for the 
inclusion 

l: n^'^X — > y+ Xx Y_ 

Proof. Suppose that there is a contraction Hj^ : y+ x / — > 1+ from the 
identity to Define a contraction H^: x I — > y_ from *_ to the 
identity by 

H.{y',t)=D+H+{D.{y'),l-t) 
h . ^ 

This gives a an equivariant map r: y+ Xx Y- — > CI ' X defined by 

r{y,7,y') = {p+ o H+{y, -)) * J * {p_ o H_{y' , -)) 

where * denotes concatenation of paths. The composite r o t is the identity. 
The other composite sends {y,^,y') to 

iior){y,j,y') = (*+,(;?+ o -))* 7 * (p_ o -)), *_) 

A G-homotopy between this map an the identity is defined by sending 

{y,i,y',t) to 

(p+(ii-+(y,t)),(p+oi?+(y,-))|[,_i]*7*(p_o/f_(y',-))|[o,i_i],p-(i/-(y,i))) 

□ 

Let X, be a real space with contractible 0-simplicies. Define P+X, to 
be the simplicial space with /c-simplicies X^+i, and with simplicial structure 
given by forgetting do and sq from X. in every simplicial degree. Similarly, 
denote P-X, the simplicial space with the same simplicies, but where the 
simplicial structure is given by forgetting the last face and degeneracy of X,. 
The forgotten faces give simplicial maps 

P+X. 

do 

Y 

P-X.—^X. 

dL 
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The levelwise involution D on X, does not give a real structure on P+X„ nor 
on P-X„ but it induces a map : P+X, — > P-X, that reverses the order 
of faces and degeneracies. It induces a homeomorphism on realizations 

D+: \P+X.\ \P^X.\ 

defined by sending [x; to, ... , tn] to [Dx; tn, ■ ■ ■ , to]. Setting X = \X,\, = 
\P+X,\, Y- = \P-X,\, p+ = do and p- = d-L we are in the situation described 
above. Moreover the forgotten degeneracy defines a simplicial homotopy 
equivalence s: * ~ Xo — > P+X, and therefore a contraction of 1 + . 

When X, = M{S}'^), the lemma gives a model for ^^'^ M{S'^^^). We 



prove 6.2.1 by defining a G-equi valence 



M — > \P+X\ x\x\ \P-X\ 

We define it through the the two-sided Bar construction P^P-M{S}'^). The 
levelwise action of M{S}'^) induces a real structure on P^P-M{S}'^), and 
considering M as a constant real space there is an equivariant inclusion 

M — > sdeP+P-M{S}'^) 

that in simplicial degree k sends m to m ■ (o'^'+^l'^+S) g M{Sl'j;^^). Notice 
also that P+P_M{S}'^) is by definition the pullback P+X Xx P-X, and 
therefore our construction gives a G-map 

M \sdeP+P-M{S}'^)\ ^ \P+P^M{Sy)\ \P+X\ x\x\ \P-X\ 
where the last map is the canonical inclusion from the pullback into the 



homotopy pullback. The proof of 6.2.1 follows by the two lemmas below. 



Lemma 6.2.7. The inclusion M — > sdeP+P~M{S}'^) is a simplicial G- 
homotopy equivalence. 

Proof. It is well known that the inclusion into the two sided-Bar construction 
is a homotopy equivalence, but since we want to be careful with the G-action 
we write down the maps. Define a retraction r: ^{{S^'^j^^ — > M by pro- 
jecting onto the (O'^^^l'^^^)-component. Denote di and the faces an degen- 
eracies of sdeM{S}'^), and define a simplicial map H: sdeP+P-M{S}'^) x 
A[l] — > sdeP+P~M{Sy) in degree k by 

H{-,a) = sU 

where a = (0^, 1'^+^^''). Notice that, in degree k, the retraction followed by 
the inclusion is the map s^'^^d^'^^, and therefore this is a homotopy from the 
retraction to the identity. Since the action on sdeM{S}'^) is simplicial, the 
action commutes with the faces and degeneracies defining H, and therefore 
-ff is a G-homotopy. □ 
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Lemma 6.2.8. The canonical map \P^P-M{S}'^] 
is a G -equivalence. 



\P+X\ X|x| \P.X\ 



Proof. Levelwise, the space Pj^P^M{S}'^)k 



M{Sl'^2) is the puUback 



{P^X)kXx,{P-X)k = M{Sli,) Xa/(5^1) M{S'4^) 



1I.1 



since M{Sl' ) = M". Moreover the action corresponds to the action on the 
pullback given by D(y,y') = {Dy',Dy). The fixed points of the action are 
again described by a pullback 



iP+P-M{Sym = MiSl'l,) x^,(^i,i) {M{S',''))' 
Since realization commutes with pullbacks one gets a G-homeomorphism 

ip+p_M(5y)i-|p+x|x|xiip_xi 

where again the action on the right hand side is defined by D{y,y') 
(Dy' , Dy). Therefore one just needs to show that the canonical map 



|P+X|X|^||P_X| 



\P+X\ X|^| \P_X\ 



is a G-equi valence. By the descriptions of the fixed points above, we need 
to show that the two diagrams 



\P+X\x\x\\P-X\ 



\P-X\ 



\P+X\ 

do 

Y 

- IXI 



\P+X\x^x\\X 



\X\ 



G 



\P+X\ 
do 

y 

- \X\ 



are homotopy cartesian. This is the case if all the vertical maps are quasi- 
fibrations. Both maps do are levelwise trivial fibrations, and since fibrations 
pull back along any map, levelwise the vertical maps are all fibrations. In 
order to show that the realizations are quasi fibrations one can use the cri- 



terion 6.2.9 below, which holds for all the vertical maps if we assume that 
M is group-like. □ 

Lemma 6.2.9. Let /. : Y, — > X, be a map of simplicial spaces such that for 
all k and < I < k the diagrams 



fk 



Xh 



■X. 



k-1 
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are homotopy cartesian. Then the diagram 



Yo \Y.\ 

fo I/I 
Xo ^ \X.\ 

is also homotopy cartesian. 

6.3 G-connectivity of A{S^) A\X\ — > A{S^ A X) 

Let X, be a based real set with involution (•), and A an abelian group with 
additive involution D. Recall that A{X) is defined as the realization of the 
real set with /c-simplicies 

MXk) = ^ A-x/A-* 

x^Xk 

and action induced by sending a • x to Da ■ x, and that denotes the 
smash of j simplicial circles with involution given by reversing the order 
of the smash factors. Since realization preserves products there is a natural 
homeomorphism 

A{S^)A\X\^\[k]^A{Si)AXk\ 
Proposition 6.3.1. The map 

A{S^) A \X\ A{S^ AX) 

induced by the map that sends nii ■ ai) A x to ^ mj • (cxj A x) is non- 
equivariantly {2j + CormX)- connected, and its restriction to the fixed points 
is 

j + minjConnX, ConnX'^} 



connected (cf. i'3.4)- 

We need two lemmas before starting the proof. 
Lemma 6.3.2. For any simplicial based G-set X, the space A{X)'~' is 

min{Conn(X), Conn(X'^)} 

connected. 

Proof. Recall that if y is a fibrant based simplicial set, the k-lh homotopy 
group of \Y\ is trivial if and only if for every y gY^ with diy = *, there is a 
z G Ifc+i such that d^z = y and diyoz = *. Now, A(X)'^ is the realization 
of the simplicial set 

[k] ^ A{Xkf 
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which is fibrant since it is a simphcial abehan group. Moreover, by replacing 
X with the G-homotopy equivalent simplicial G-set sin. \ X\, we can assume 
X and X'^ to be fibrant as well. 

An element ^ E A{Xk)'^ is a finite sum of the form 

^ = ^ Oj • + ^ 6j • + ^ Dai ■ Xi 

i j i 

where the Xi belong to X}\X^ , the yj belong to X^ , the to A and the hj 
to . Moreover if ^ is such that diS, = * we must also have diXi = * and 
diVj = *. 

For k < min{Conn(X),Conn(X<^)}, we can choose elements Zi € Xk+i 
such that doZi = Xi and di^gZi = *, and elements wj S ^k+i such that 
doWj = Uj and di^owj = *. The linear combination 

ip = '^ai- Zi + '^bj - Wj + Dai ■ Zi G A{Xk+i)'^ 

i j i 

satisfies doV' = ^ ^-ud di^Qip = *, showing that T:kA{X)'-' is trivial. □ 

Recall that a G-fiber sequence is a fiber sequence of G-maps whose re- 
striction to the fixed points is also a fiber sequence. A real abelian group 
is a simplicial abelian group with levelwise additive involution that reverses 
the simplicial structure (cf. [1.4.1 1. 

Lemma 6.3.3. Suppose that Y is a real subset of a real set X, and N is 

a real abelian group. Suppose moreover that both N and are connected. 
Then the maps of real sets Y — > X — > X/Y induce a G -fiber sequence 

N(Y) — > N{X) — > N{X/Y) 

on the realization. 

Proof. Let us first show that for every /c, both N{Xk) — > N{Xk/Yk) and 
N{Xk)'^ — > N{Xk/Yk)^ are fibrations. We start with the non-equivariant 
map. This is the map 

that projects off the summands generated by elements of Y^. It is clearly a 
fibration. Let us describe this map on the fixed points. Quite in general, 
there is a (non simplicial) homeomorphism 

N[Xk\X^] © N'^iX^) ^ N{Xkf 

that sends Ui ■ Xi,'}^ ' '^j) to 

^ rij • Xj + ^ mj • Wj + ^ Drii ■ Xi 
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Here A^[— ] denotes the unreduced configuration space. Under this identifi- 
cation, the quotient map is the map 



( • x) e iV^ • X ^ ( N-x)e iV^ 

that projects off the l^-summands. It is clearly a fibration. 
In particular we showed that for every k the sequence 

N{Yk) N{Xk) N{Xk/Yk) 



X 



is a G- fiber sequence. We use Bousfield-Friedlander theorem 4.11.5 to show 
that its realization is also a G-fiber sequence. Clearly our map is the realiza- 
tion of a map of bisimplicial G-abelian groups, namely the projection map 
from 

[p][k]^{N2p+l{X2k+l)} 

to 

By |GJ99l IV,4.2-(2)], the conditions for the Bousfield-Friedlander theorem 



4.11.5 



apply if the simplicial sets sdeN,{Xj^/Yk)^ sdeN,{Xk/Yk)^ , sdeN,{Xk) 
and sdeN,{Xk)'^ are fibrant and connected. They are fibrant since they are 
simplicial abelian groups. They are levelwise connected since both and A^*^ 
are connected (for the fixed points use the splitting N,{Xk) = N[Xk\Xj^] © 
N^{X^)). □ 



We prove 6.3.1 by induction on the cells of and therefore we need to 
prove it for spheres first. Suppose that X is a wedge of spheres X = \/ j S"""*"^ 
where J is a G-set. That is, G acts trivially on the sphere and permutes the 



wedge components. This action is defined precisely in 3.4.7 
Proposition 6.3.4. In the case of X = \/ jS^^^, the map 



J 



is {2j + n,j + n)-connected. 

Proof. Notice that the canonical homeomorphism 

A{S^ A \J 5"+^) ^ A{S^ A 5"+^^ 



is equivariant (for the action on the direct sum of 3.4.7). Rewrite r57i+i as 
A{S^)^\| S''+^^\|{A{S^)^S''+^) ^ A(5MS"+1)^.4(SM\/S"+^) 
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The middle map factors as 



\/j(A{S^) A — ^ Vj A 



The connectivity of i is non-equivariantly 2(j + n) + 1 as inclusion of wedges 



into sums. Its connectivity on fixed points is, by 3.4.7 



min{2(j + n) + 1, 2(^ + n) + 1} = j + 2n + 1 



since A{S^ AS^~^^) is {j + n, i +n)-connected by 3.5.9 Therefore it is enough 



to show that the connectivity of / is at least (2j + n,j + n). 

Non-equivariantly, / is just a wedge of maps A(S^) A S'"'^^ — > A{S^ A 
S^^^), and on the fixed points it is the wedge 



y A{S^f A y A{S^ A 



G 



Therefore / is as connected as the map r : A{S^) A S'^+i — > A{S^ A 5"+^). 
To see how much r is connected, consider the commutative diagram 



The diagonal map is an equivalence by |6.2.4 where the topological monoid 
with involution is now A[S^). The vertical map is the adjoint of the identity. 



which is {2j — — l)-connected by the G-suspension theorem 3.4.5 Thus 
r is (2j + n,j + n)-connected. □ 



Proof of 6.3.1 We make a proof by induction on the cells of \X\. 



Suppose that \X\ is zero dimensional, that is a pointed G-set. In this 
case r is the inclusion of wedges into sums 

r: A{Si) A |X| ^y A{S^) ^ 0A(5^') ^ A{S^ A X) 
\x\ \x\ 

Non equivariantly this is 2(j — 1) + 1 = (2j — l)-connected {X is in this case 
(— l)-connected). Its restriction to the fixed points r*^ has connectivity 



min{2(|-l) + l,i-l}= j-1 
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by [3X7 



For the induction step, suppose that we proved the statement for all Y 
of dimension less than or equal to n, and take X of dimension n + 1. 
Let us start by calculating the non-equivariant connectivity of 

r: A{S^) A \X\ A{S^ AX) 

We need to separate different cases. 

• n < ConnX: Since X is of dimension n + 1, this forces X to be 
contractible, and in this case r is trivially an equivalence since both 
its source and its target are contractible. 

• ConnX < n: The inclusion of the (simplicial) n-skeleton X^") — > 
j^in+i) _ induces a diagram of maps 

A{S^) A ^ A{S^) A \X\ ^ A{S^) A V 



r(") 



A{S^ A ^ A X) ^ ^(^-'^ A V 5"+^) 



The bottom row is a fiber sequence by the lemma 6.3.3[ by setting N = 
A(S^). The top row is a cofiber sequence, as smash of a cofiber sequence 
with a space. By the Blakers-Massey theorem (cf. |Goo92| 2.3]), the 
map from A{S^) A jX^"')] to the homotopy fiber of the projection map 
A{S^) A |X| A{S^) A V is 

1 - 2 + (j + ConnX(") + 1) + {j + n) > 2j + n - 1 > 2j + ConnX 

connected. By a five-lemma argument for the long exact sequences 
in homotopy groups, r is {2j + ConnX)-connected as long as both 
Tgn+i and r(") are at least (2j + Conn X)-connected. The map Tgn+i 



is {2j + n)-connected by the sphere case 6.3.4, which is greater than 
2j + ConnX. By hypothesis of induction, the connectivity of r(") is 
2j + ConnX^"). Since the inclusion of the n-skeleton X^") — > X is 
n-connected and ConnX < n, we must have ConnX^") > ConnX, 
and therefore r(") is at least {2j + ConnX)-connected. 

• n = ConnX: In this case X is homotopy equivalent to a wedge of 
spheres (see e.g. |Hat02| 4.16]). Therefore r is (2j -|- n)-connected by 

EM 

We now study the connectivity of the restriction to the fixed points 

: A{S^f A |X|^ A{S^ A X)^ 
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with a similar technique. By replacing X with its subdivision, we can assume 
that the action is simplicial, so that jXl*^ = \X^\ is a subcomplex of 
Denote 

c = minjConnX'^, ConnX} 
and we separate the problem in the following cases. 

• n < c: Both X and X*^ are at most of dimension n + 1, and therefore 
contractible. The map r*^ is an equivalence since both its source and 
its target are contractible (cf. 6.3.2). 

• c < n: The inclusion of the n-skeleton gives a diagram 

A{S^f A ^ A{S^)G A X^ ^ A{S^f A (V S'^+^f 

^(5^' AXW)^ 



■ A{S^ A X) 



G 



with a fiber sequence as bottom row by |6.3.3 Notice that since 



X(")^ = X«^"\the top row is a cofiber sequence. By Blakers-Massey, 
the map from A{S^)'^ A\X^"'^\'^ to the homotopy fiber of the projection 
map A{S^)^ A \Xf A{S^ f A (V S^'+^ f is 



r|l + ConnX^")" + \l]+n>j + c 

connected. By the five lemma, r'-' is (j + c)-connected if both r^„+i and 

are at least (j + c)-connected. The map r^+i is (j + n)-connected 
by 6.3.4 which is bigger than j + c. By hypothesis of induction, the 
connectivity of r^") is 

j + min{ConnX(")^, ConnX^")} 

Since the inclusions of the zero skeleta — > X and = 
are n-connected, and n < 



are n-connected, and n < c, we must have c < 



minlConnX^"-* jConnX*^"^}. Therefore r(")^ is at least (j -|- c)- 
connected. 

• n < ConnX*^: This forces X*^ to be contractible since it is at most of 
dimension n-|- 1. In this case has contractible source, and its target 
has connectivity 

min{j + ConnX, [|] + ConnX'^} = j + ConnX 



by[6A2 
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c = n,n > ConnX'^: This condition implies n = ConnX*^ < ConnX. 
In particular X'-' is homotopy equivalent to a wedge of (n + l)-splieres. 
Consider as a trivial simplicial G-set, and factor r*^ as 

A{S^f A \X\^ = {A{S^) A \Xf f^A{S^ A X^f ^ A{S^ A Xf 

The first map is the map r for the trivial G-space X*^, which is {j + n)- 
connected by 6.3.4 since X*^ is a wedge of spheres. The second map 



is induced by the G-map l: A X^ — > A X by functoriality of 
A{—). It remains to show that A{i)'-' is (j+c)-connected. The inclusion 
t: A X^ — > A X induces a fiber sequence 

A{S^ A X^f ^ A{S^ A xf A{S^ A X/X^f 



by |6.3.3| Therefore A(i)'^ is as connected as ^(SJ A X/X'^)'^. By |6.3.2 
this has connectivity 

min{j + ConnX/X'^, [|] + ConnX'^/X'^} = j + ConnX/X^ = j + c 

□ 
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